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1 Introduction

The important and influential literature growing out of Mirrlees’ (1971) seminal paper
on optimal income taxation has stressed the trade-offs between incentive and distribu-
tional considerations in the design of income tax schedules. These trade-offs arise from
an information friction that endogenizes the feasible tax instruments and rules out the
availability of (first-best) personalized lump-sum taxes and transfers.

The ordinary assumption about the information structure of the optimal taxation
problem provides for what Roberts (1984) called “assignment uncertainty”: the govern-
ment knows the distribution of types in the population and it can also observe the actual
earned income of each individual, but is not able to observe the specific type of any given
individual. Public observability of earned income at the individual level allows the gov-
ernment to tax earned income on a nonlinear scale. The government’s task is to choose
the nonlinear income tax schedule that maximizes a given social welfare function (usu-
ally embedding some degree of social aversion to inequality) subject to a public budget
constraint, taking into account that individuals respond to tax and transfers.

Given that any nonlinear tax schedule defines a link between earned income and after-
tax income, the government’s problem can be equivalently formulated as the problem of
assigning, to each type of agent, a bundle in the (pre-tax income, after-tax income)-space,
subject to a public budget constraint and to a set of self-selection (incentive-compatibility)
constraints, which require that each individual be better off with the bundle intended for
him than with any other available bundle. In this setting it is the requirement that self-
selection constraints are not violated (mimicking is deterred) that rationalizes the fact
that, at an optimum, most agents face a non-zero marginal income tax rate, i.e. they are
offered a bundle entailing a distortion on their labor supply.

One of the few theoretical results regarding the shape of the optimal nonlinear in-
come tax concerns the sign of marginal tax rates. For quite some time, the literature
maintained that optimal marginal income tax rates should be non-negative, following the
contributions by Seade (1977, 1982).!

The reason for this result comes from the fact that in the baseline Mirrleesian model
the only source of heterogeneity among agents is market ability. Since in such a setting
market ability is positively correlated with laissez-faire utility, any social welfare function
embedding aversion to inequality would favor redistributing downward along the skill

distribution, implying that the only possible binding self-selection constraints are those

See also Hellwig (2007) for a recent exposition.



requiring agents not to be tempted to choose a bundle intended for someone with a mar-
ket ability lower than their own. Moreover, the fact that market ability is the only source
of heterogeneity among agents also implies that normality of consumption is a sufficient
condition to ensure that the so called agent monotonicity property (single-crossing con-
dition) holds. According to this property, at any given bundle in the (pre-tax income,
after-tax income)-space the slope of the indifference curve of an agent is decreasing in the
agent’s wage rate (which in turn is positively correlated with the agent’s market ability).
This implies that, whenever the bundle intended for an agent of a given skill type needs to
be distorted to prevent mimicking from higher-skilled agents, the required distortion will
be a downward distortion on the agent’s labor supply, implemented by letting him /her
face a positive marginal tax rate.?

The result that optimal marginal income tax rates should be non-negative was first
challenged by Stiglitz (1982) who showed, in the context of a two-type model where wages
are allowed to be endogenous and the socially desirable direction of redistribution is from
high- to low-skilled agents (the so-called “normal” case), that the marginal tax rate on
the high-skilled agents should be negative, except in the limiting case where the two types
of labor are perfect substitutes.®> However, even in Stiglitz’s setting it is the case that a
positive marginal tax rate is faced by those agents who benefit from the redistributive
policy enacted by the government through the nonlinear income tax.

In a subsequent and influential contribution, Saez (2002) showed that in the presence
of an extensive margin of labor supply, optimal marginal tax rates can be negative,
yielding support for an Earned Income Tax Credit (EITC).

More recently, Choné and Laroque (2010) demonstrated the possibility of negative
marginal tax rates in a model without an extensive margin of labor supply, but where
agents are heterogeneous both with respect to market ability and with respect to their
preferences for work. In their contribution, the two authors show that negative marginal
tax rates on low incomes arise when the social weight attached to agents at the bottom
of the income distribution is smaller than the average social weight in the economy.
They also show that this is likely to be the case when low ability agents exhibit large

heterogeneity in their opportunity costs of work and are better off the larger these costs

2 A further consequence of the single-crossing condition is that income re-ranking cannot occur: if agent
1 earns more than agent j under laissez-faire, it cannot be that the distortions required to implement a
second-best optimum imply that agent ¢ earns less than agent j.

3The intuition for the result is that, unless the two types of labor are perfect substitutes, by stimulating
the labor supply of high-skilled workers the government can rely to some extent on the general equilibrium
incidence of the tax in order to compress the wage distribution.



are.4

In another recent paper, Ho and Pavoni (2018) contribute to the debate over the
optimality of imposing a negative marginal tax rate on low income earners by analyzing
a framework where agents differ in labor market productivities but face the same hourly
cost of formal child care. In their multidimensional choice framework, agents choose how
many hours to work in the market and how many hours to spend with their kids, where
time spent with the kids allows economizing on child care expenditures. The authors
show that in their model child care subsidies should optimally follow a sliding scale
(decreasing with earnings), implying that optimal negative marginal income tax rates
can be compatible with positive labor wedges. The intuition for this result relates to
the fact that, when commodity taxation is used alongside income taxation, the marginal
income tax rate faced by an agent no longer captures the overall distortion generated by
the tax system on his labor supply.® As first highlighted by Edwards et al. (1994), the
overall distortion is instead captured by the so-called marginal effective tax rate which
depends on the interplay of income- and commodity taxation. As it happens in Ho and
Pavoni (2018), this implies that the labor supply of an agent could be downward distorted
despite the fact that the agent faces a negative marginal income tax rate. This is more
likely to occur when the purchase of some goods/services can be taxed or subsidized at
an income-dependent rate and it is either the case that the tax is increasing in income
or, as in Ho and Pavoni (2018), the subsidy is decreasing in income.5

In this paper, by relying on a two-type model, we propose a novel rationale for negative
marginal tax rates. We do this by employing a standard intensive-margin optimal income
tax model where agents have identical preferences and heterogeneous market abilities, but
where we also allow for heterogeneity in “needs” for a work-related good/service, i.e. a

good/service that some agents need to purchase in order to work.” In contrast to Saez

*As remarked by Choné and Laroque (2010), a possible rationalization of the assumption that agents
are better off the larger their opportunity costs is that nonmarket time allows enjoyable leisure. See also
Choné and Laroque (2011) and Jacquet et al. (2013).

% According to the Atkinson and Stiglitz (1976) theorem, if individual preferences are weakly separable
in leisure and other goods, an optimal nonlinear income tax is sufficient to implement any incentive
compatible Pareto-efficient allocation.

6da Costa and Maestri (2017) provides another example of contributions emphasizing the possibility
of optimal negative marginal tax rates. In their model the result is obtained by modifying the canonical
Mirrleesian model to accommodate the assumption that firms have market power in the labor market.
Lockwood (2017) highlights that marginal income tax rates may be negative at low incomes in a model
where workers do not fully account, due to present bias, for the delayed benefits of work when making
labor supply decisions. In political economy models the possibility of negative marginal tax rates has
been emphasized by Roell (2012) and Brett and Weymark (2017).

"Several interpretations are possible. One example is day care services which are needed by parents
of young kids in order to work. Other groups who might face needs constraints include workers with
relatives who require elderly care, or workers who incur commuting costs or work-related health costs.



(2002), who explores the rationale for negative marginal tax rates created by fixed costs
of work at the extensive margin, we highlight that costs of work at the intensive margin
can justify negative marginal tax rates. In particular we show that, without assuming
heterogeneity in preferences or imposing unconventional social redistributive tastes, one
can generate cases where a negative marginal tax rate is faced by the agents benefiting
from the redistributive policy of the government.

A key feature of our analysis, which distinguishes it from Saez (2002) and Choné
and Laroque (2010), is that our bi-dimensional heterogeneity implies a violation of the
single-crossing condition.® This circumstance is responsible for some other interesting
findings that are non-standard. First of all, a second-best optimum might not preserve
the earned-income ranking that prevails under laissez-faire. Second, redistribution via
income taxation might be feasible even when the laissez-faire equilibrium is a pooling
equilibrium. Third, a second-best optimum might not be unique, in the sense that there
might be more than one set of allocations in the (pre-tax income, after-tax income)-
space that solve the government’s maximization problem. Fourth, the second-best utility
possibility frontier might be discontinuous. Fifth, supplementing an optimal nonlinear
income tax with an optimal subsidy on work-related expenses may imply that the second-
best optimum is a pooling equilibrium where both self-selection constraints are binding.
A final result that we show is that at a second-best optimum it might be the case that
the labor supply of some agents is distorted even though no self-selection constraint is
(locally) binding in equilibrium.

The paper is organized as follows. In section 2 we present our setting and highlight how
it implies that the single-crossing condition does not hold. In Section 3 we characterize
the optimal distortions under various assumptions regarding the redistributive goals of
the government. To simplify the exposition in this section we make the assumption that,
for agents who have to incur a cost for the purchase of a work-related good, the cost

is proportional to their labor supply. This assumption is relaxed in Section 4 where we

8In the model considered by Ho and Pavoni (2018) agents differ only along one dimension (market
ability) and the single-crossing condition holds if a nonlinear income tax is the only instrument at
disposal to the government or if a nonlinear income tax is supplemented with a flat subsidy on child
care expenditures. Even though these cases are not explicitly considered in Ho and Pavoni (2018), this
conclusion can be established by looking at Section 5.1 of Anderberg and Balestrino (2000) where the
authors analyze a model which is isomorphic to the one considered in Ho and Pavoni (2018). In contrast
to Anderberg and Balestrino (2000), who restrict themselves to linear commodity taxes/subsidies, Ho
and Pavoni (2018) allows the subsidy on expenditures for center-based child care to be a function of
both income and hours of household child care. This assumption, together with the fact that the utility
function of agents is non-separable in effort on the market and effort at home (household child care), is
what triggers in their model the possibility that the single-crossing property of indifference curve maps
is violated.



allow for nonlinear, convex or concave, cost functions. In section 5 we discuss how our
results would be affected by subsidizing work-related expenses. Finally, section 6 offers

concluding remarks.

2 The model

Consider an economy populated by two groups of individuals who have identical prefer-
ences represented by the quasi-linear utility function

U=c— —_pi+h, (1)
1+1

where ¢ denotes consumption, h denotes labor supply, and where /3 is a positive constant
representing the elasticity of labor supply.? The two groups of agents are assumed to differ
with respect to their market ability, reflected in their hourly wage rate, and their needs for
a work-related good. One group has no need for any work-related good, whereas agents
belonging to the other group incur a monetary cost ¢(h) which is a (weakly) increasing,
and possibly nonlinear, function of labor supply h. Throughout the paper we will refer
to these groups of agents as “non-needy” and “needy” (or “non-users” and “users”) and
denote their hourly wage rates by, respectively, w™ and w” (superscript “n” referring to
non-users, i.e. “non-needy”, and superscript “N” referring to users, i.e. “needy”).
Assume that the government levies a nonlinear income tax T'(wh). Whereas the
budget constraint for non-users is simply equal to ¢ = wh — T'(wh), the one for users is
equal to:
N =wNh — T(w"h) — @(h). (2)

Substituting the budget constraint (2) into the utility function (1) yields:

1
U =wVh—T(w"h) — p(h) — ——h'*5, (3)
1+ 3
from which one can observe that in the quasi-linear case (but only in such a case) our

heterogeneity in needs could be alternatively interpreted as a heterogeneity in disutility
of work functions, i.e. the kind of heterogeneity in preferences considered in Choné and
Laroque (2010).!° However, even restricting attention to the quasi-linear case, there are

two main differences between our formulation and the preference heterogeneity considered

9The specific iso-elastic form of the utility function is here mainly adopted for analytical convenience
but has been used extensively in the optimal tax literature as well as in the empirical literature estimating
behavioral responses to tax changes.

0For instance, assuming ¢(h) = %h”ﬂi, where 6 > 0 is interpreted as a parameter capturing the
7

degree of neediness, one would recover the setup considered by Choné and Laroque (2010) in footnote 4.
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by Choné and Laroque (2010). First of all, the heterogeneity in our model derives from
the presence of the cost ¢(h) in the budget constraint of needy individuals; even though
the budget constraint can be substituted into the utility function, ¢(h) is not a function
of preference parameters, it is a function of market prices and hours of work, and may
change in response to market conditions. Second, and most importantly, Choné and
Laroque (2010) considers a model where the heterogeneity in productivity and preferences
for work can be collapsed into a single measure determining the slope of individuals’
indifference curves. In our model, instead, the single-crossing property is not satisfied.
To illustrate this point, assume that the function ¢(h) is proportional to labor supply so
that ¢(h) = gh. Furthermore, denote earned income by Y and after-tax income by B.
The agent monotonicity property requires that, at any bundle in the (Y, B)-space, the
indifference curves are flatter the higher the wage rate of an agent. In our setting, and

for a given (Y, B)-bundle, users have an indifference curve with slope equal to

1 8u(B—quN,wLN)/3h q 1 y \°
MRSf/VB(Y,B):w—N q_ﬁu(B—qLN LN)/ac Z—N‘i‘w—N(m) , (4

w
w

whereas non-users have an indifference curve with slope equal to

C10u(B,X)/oh 1 (Y)l/ﬁ

wn \ wn

()

Thus, unless w” < w", in which case MRSY,; — MRS}, > 0 at any bundle in the

(Y, B)-space, the sign of the difference M RSY, — MRS} will depend on the specific

N

(Y, B)-bundle that is considered. More precisely, when w” > w" we will have that

MRSz — MRS}, < 0 for values of Y such that

5 ( N)l-‘rl ( )1+l -
R B Al C0
Y > (U)N> (wn)lJr% (U}N)1+%
(%>B(wn)l+ﬁ (wN)Hﬁ [(wN)H% _ (w")H% _B, (6)

The fact that the single-crossing property is not satisfied in our setting shows that our
bi-dimensional heterogeneity (in skills and needs) cannot be reduced to one dimension (in
contrast to what happens for instance in Boadway et al., 2002, or Choné and Laroque,
2010). Albeit this complicates the analysis, it also allows us to highlight some interesting

results.



3 Pareto-efficient taxation when the cost of the work-
related good is proportional to labor supply

In this section we will evaluate the properties of a second-best optimum under the as-
sumption that the work-related costs for users are proportional to labor supply, so that
©(h) = gh. To simplify calculations, we will also assume that § in (1) is equal to 1.
Moreover, in order to highlight what happens when the single-crossing condition does not
hold, throughout our analysis we will always maintain the assumption that w® > w".!!

Normalizing total population to one and letting w denote the proportion of users in

the population, in a second-best setting a Pareto-efficient tax problem can be formalized

as follows: o 2
N ¢ N L1(Y
v % e BTNy _§(w_N)
subject to:
1(Y"\?_
Bn—§(ﬁ) >V, (v)
(VN = BY) 7+ (V" = BY) (1) =0, (1)
n\ 2 NN 2
pog () 2o -5 (5n) ™)
wn n
2 2
N q oy 1/[YVN n q <, L1/Y"
5 () 2o 5 () (@)

The v-constraint prescribes a lower bound for the utility of non-users, the p-constraint
represents the government’s budget constraint, the A-constraint the self-selection con-
straint requiring non-users not to be tempted to choose the bundle intended for users,
and finally the ¢-constraint the self-selection constraint requiring users not to be tempted
to choose the bundle intended for non-users. Notice that, by varying the value selected
for V", one can characterize the entire second-best utility possibility frontier.'?

Denoting by U, for i = n, N, the utility of an individual i under laissez-faire,
we have that Uy = (w™ — q)2/2 and Uy = (w™)? /2. Moreover, Y% = (w")? and
Y. = (wN—q) wh.

At any given bundle in the (Y, B)-space, the marginal rate of substitution for a user is

given by: MRSy = %+ ;)QY whereas for non-users it is given by MRS p = —— Y.

(wh (wn)?

11Gee the discussion at the end of Section 2.
12 Alternatively and equivalently, we could have skipped the v-constraint and considered an objective

2 n
function of the form o® f (BN — wLNYN -1 (3;—5) ) + o™ f (B" — % (Z,L)Q) with a” and a” being

2

social welfare weights and f being an increasing and concave function. Following this approach one could
characterize the entire second-best utility possibility frontier by properly varying a¥ and ™.
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Thus, users and non-users will have the same slope of their indifference curves at bundles

where

Y:W

(wn)” (wM

5 =0>0. (7)

q 1 1 1 _q (w™)* (wN)2 B (w™)? wN

| >2] N ) (@) = ()
Given that for both types of agents the slope is increasing in Y, and since users have
steeper indifference curves for Y < 2, it follows that there are three possible configura-
tions of a laissez-faire equilibrium: Y% < Y% < Q; Q < Y% < Y% Y% = Y/ = Q.

We will denote by respectively 7" (Y};) and 7" (Y) the marginal income tax rate
faced by users and non-users at a second-best optimum. As customary in the optimal
tax literature, the marginal income tax rate faced by an individual at a given point in
the (Y, B)-space is defined as 1 — M RSy p.

In the following Propositions we will first characterize the properties of a second-best
optimum when V"' < UPp, so that the socially desirable direction of redistribution is from
non-users to users, and then consider the case when V' > UZ,. For each Proposition we

will distinguish between the three possible income rankings under laissez-faire.'?

Proposition 1 Assume that V' < U}y, so that the desired direction of redistribution is

from non-users to users. We have that:

i) When Y. = Y%, the laissez-faire equilibrium will be second-best optimal provided

that © > q/w™. With m < q/w", we have that:

a) If V' > (1 — m)U}y then there are two equivalent second-best optima where

T' (Y&5) =0, one with T' (Y3;) < 0 and another one with T' (Ydy) > 0.
b) If —Upp < V" < (1 —m)Upp we have that T' (Yig) = 0 and T' (YZ};) < 0.

¢) If V"' < —UPp, we have that T' (Y&s) < 0 and T" (Yds) <O.

13Notice that, despite the fact that the single-crossing property may not hold, the A- and ¢-constraint
cannot be both binding at an optimum unless the two groups are pooled under laissez faire. The reason
is the following. Assume that at a second-best optimum we obtain a separating equilibrium where both
self-selection constraints are binding. With the u-constraint being binding, one bundle will be associated
with a positive tax payment and another one with a negative tax payment. Then the government could
improve upon the initial set of allocations by implementing a pooling allocation where all agents are
offered the bundle to which is associated a positive tax payment (the utility of all agents would be
unaffected and the government would run a positive surplus). But this cannot be an optimum either,
since the government’s budget constraint would be slack. Thus, either we have cases where no self-
selection constraint is binding (and the second-best implements the first-best optimum) or cases where
only one of the two self-selection constraints is binding. The argument relies on the assumption that a
nonlinear income tax is the only instrument at disposal for the government but it does not hinge on the
assumption that the function ¢ (h) is linear. As we will see in Section 5, however, when other policy
instruments affect the revenue collected by the government at a given (Y, B)-bundle, it might happen
that at a second-best optimum both self-selection constraints are binding.

9



i) When Y < Y., we have that:
—n n - YN _yn 2 n
o) If V" > Upp — 5L then T' (Vi) = 0 and T (V}) = 0.
b) I V" < Upy — U2 Y0 yhen T7 (V) < 0 and T' (YE)) < 0.
LF
ii) When Y > YN, we have that:

) If m>1— ()% then T' (Yap) = 0 and T' (Ydy) > 0.1
b) If m <1— (:;’—;)2 and V" > (1—m)Upp, then T' (Y&s) = 0 and T" (Ydy) > 0.7

c) Ifm<1— (5—;)2 and V' < (1 — 1)Uy, then T' (Y§5) < 0 and T (vd) <o,

provided that the v-constraint in the Pareto-efficient tax problem is binding.

Proof. See Appendix A. =

Part i) of Proposition 1 shows that, provided that the proportion of users is sufficiently
small (7 < q/w"), it is feasible for the government to redistribute from non-users to users
even in cases when both types earn the same amount of income under laissez-faire. This
possibility hinges on the violation of the single-crossing condition; under single-crossing
an anonymous nonlinear income tax would not allow the government to convert a pooling
laissez-faire equilibrium into a separating equilibrium.

Furthermore, part i) shows that, (for 7 < ¢/w" and) as long as (1 — m)Ur, <

V"< Ul'r, the optimal bundle intended for users is not unique; in particular, for each

V" € [(1 — m)Upp, Ulp) there are two equivalent second-best optima (in the sense of
entailing the same value for Uly), one entailing a downward distortion on the labor
supply of users (7" (Yé\g) > 0) and one entailing an upward distortion on their labor
supply (1" (Y&) < 0). Intuitively, the reason why there are two equivalent second-best
optima is that, for a given V' € [(1=m)U}g, Ul'r), the magnitude of the distortion needed
to achieve type separation is the same irrespective of its direction (downward or upward).

On the other hand, starting from V"' = (1 — m)U}, a reduction in V' allows for the
possibility to further raise the utility of users but in this case a second-best optimum
necessarily requires an upward distortion on the labor supply of users (7" (YS]\]IB) < 0).
The reason is that, for V' = (1 — m)UJ'r, the second-best optimum entailing a down-
ward distortion on the labor supply of users requires to offer them the bundle (Y, B) =
(0, (1 — m)U}g). At this bundle the labor supply of users is pushed to its lower bound,

implying that a further reduction in V"' cannot be accommodated by magnifying the

— N _yn 2
UTY(Y4Y) > 0 when V" < Uy, — § Crtie),

15T/ (YS{\%) > 0 when V’n c |:(]_ — W)UEF’UEF — gw)

YL F

10



downward distortion on the labor supply of users. Thus, for V"' < (1 — 7)U?, a second-
best optimum will necessarily entail 7" (Yé\é) < 0.

Regarding the labor supply of non-users, it will be left undistorted as long as V"
does not fall below —U}y. For V' < —UP, instead, the labor supply of non-users will
be upward distorted too. Intuitively, the reason is that, by leaving undistorted their
labor supply (i.e. prescribing Y = (w™)?), it is not feasible to lower their utility below
—Uly = — (w™)? /2 (taking into account that U™ = B" — : (%)2 and assuming that
consumption can only take non-negative values so that B™ > 0). Thus, in order to collect
from each non-user a tax that is larger than (w”)z, their labor supply needs to be upward
distorted.!®

Part ii) considers the case when users earn more than non-users under laissez-faire.
It shows that when the extent of redistribution from non-users to users is, loosely speak-
ing, small, the second-best optimum will coincide with the first-best optimum and no
distortion is needed to maintain incentive-compatibility. For intermediate degrees of
redistribution only the labor supply of users will be distorted (by letting them face a neg-
ative marginal tax rate). Finally, if the redistributive goals pursued by the government
are sufficiently strong (Vn < —UJ'r), it might be the case that both types face an upward
distortion on their labor supply. However, as shown in the appendix (see the proof of
Proposition 1), for this possibility to occur it is necessary that the proportion of users in
the population is not too large.!”

An aspect that is worth emphasizing about part i) of Proposition 1 is that Y% < Y%
does not imply that U}'y < U} In particular, when (w™ — q)2 < (w")? < (wN — q) w",
we have that Y% < YN and U?, > U}, so that redistribution from non-users to users
represents the “normal” direction of redistribution.!® Thus, the fact that agents are het-
erogeneous in both skills and needs implies that one does not require unconventional

9

redistributive tastes to rationalize negative marginal tax rates.!” Nonetheless, notice

16 Notice that, for V"' < —U}p, besides having T” (YSAJTB) and T" (Y&'y), we also have that the average
income tax rate for non-users is 100%.

17In particular, it should be either that 7 < 1 — (%)2 or that 7 is sufficiently close to 1 — (%)2 SO
that the following condition is satisfied: \/g [(w”)2 —(1-m) (wN)z} <wh (W —q) - (w)?.

18We are here referring to the terminology introduced by Stiglitz (1982), where the “normal” direction
of redistribution is from those who are better off under laissez-faire towards those who are worse off.

YWhen (w — q)2 < (w")? < (wN —g)wN (0 that Y > Y% but UN, < Uly), even a max-
min planner would let users face a negative marginal tax rate. Moreover, as shown in Appendix A,
when (v — q)2 < (w")? < (w" — ¢) w", a max-min planner may succeed, if the proportion of users is
sufficiently small, in equalizing the utility for the two groups despite the fact that users, who benefit from
the redistribution enacted by the government, face a negative marginal tax rate. This stands in contrast
to standard models where a max-min planner can achieve utility-equalization only by discouraging the
labor supply of the transfer-recipients to the point where they choose not to work.

11



that according to part ii) of Proposition 1, it is still true that, if incentive-compatibility
considerations require to distort the bundle offered to the group that benefits from redis-
tribution, the sign of the distortion is “coherent” with the income ranking prevailing under
laissez-faire: when users earn more than non-users under laissez-faire and redistribution
is in their favor, T’ (Yé}g) < 0, and the income ranking under a second-best optimum
is consistent with the income ranking under laissez-faire. As we will see below, how-
ever, income re-ranking can sometimes occur when, as in our setting, the single-crossing
condition is violated.

Part 44i) considers the case when users earn less than non-users under laissez-faire. It
shows that when the extent of redistribution from non-users to users is small, the second-
best optimum will coincide with the first-best optimum and no distortion is needed to
maintain incentive-compatibility. For intermediate degrees of redistribution only the
labor supply of users will be distorted (downwards, by letting them face a positive mar-
ginal tax rate). Finally, if the redistributive goals pursued by the government are suffi-
ciently strong (V' < (1 —7) U}w) and 7 sufficiently small (7 < 1 — (5—;)2), it might be
the case that either 7" (stg) < 0 and 7" (Y¥5) = 0 or that both types face an upward
distortion on their labor supply. Thus, according to part i) of Proposition 1, when
T<1l-— (;"—;)2, the second-best utility possibility frontier may be discontinuous: once
V" reaches (1 — 7) U}, a further increase in the utility of users may not be feasible or,
if feasible, it necessarily requires a downward jump in V. If the second-best utility
possibility is discontinuous at V' = (1 — x) Upp, the distortion imposed on the labor
supply of users changes direction at the discontinuity point: from a downward distortion
VA (Ysj\{g) > 0) one enters a region of the second-best frontier where the labor supply
of users is distorted upwards (7" (YS]\J’B) < 0). Finally, when the second-best frontier is
discontinuous and 7" (YS]YB) turns from positive to negative, the income ranking under a
second-best optimum is no longer consistent with the income ranking under laissez-faire:
whereas Y/, > Y/, Y& < Y%, Both the possibility of a discontinuous second-best
frontier and the possibility of income re-ranking (when comparing the laissez-faire equi-
librium with the second-best optimum) follow from the circumstance that in our setting

the single-crossing condition is violated.?’

20Notice that in a model without income effects on labor supply, as the one that we have been con-
sidering, the income-ranking under a first-best optimum is always consistent with the income ranking
under laissez-faire (since whenever their labor supply is left undistorted, agents will always work the
same amount as under laissez-faire, no matter how large is the tax that they pay or the transfer that
they receive). Thus, the fact that the income ranking under a second-best optimum may differ with
respect to the one prevailing under laissez-faire also implies that the income ranking under a second-best
optimum may differ with respect to the one prevailing under a first-best optimum.
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Having discussed the properties of a second-best optimum when the socially desirable
direction of redistribution is from non-users to users, in the next Proposition we provide

a characterization of a second-best optimum for the opposite case.

Proposition 2 Assume that the socially desirable direction of redistribution is from users

to non-users. Then,
i) When Y = Y. the laissez-faire equilibrium will be second-best optimal;
it) When Y['w <Y/, then T' (Y&z) > 0 and T (Yd;) = 0.2
iti) When Y > Y[, then T (Y&5) < 0 and T' (Yd}) < 0.2

Proof. See Appendix B =

Part i) of Proposition 2 shows that when the two types are pooled at the laissez-faire
equilibrium, it is never possible to use a nonlinear income tax to redistribute from users
to non-users. This is in contrast with what we have obtained in part i) of Proposition 1,
where we have shown that redistribution from non-users to users was feasible provided
that the proportion of users was below a given threshold. What explains this difference
is the fact that, when Y/ = Y/%, the indifference curve on which non-users locate
under laissez-faire lies everywhere above the indifference curve on which users locate
under laissez-faire (except at the point Y/ = Y/, where the two indifference curves are
tangent). This makes it impossible to move users on a lower indifference curve without
violating incentive-compatibility.

Part i) of Proposition 2, coupled with part i) of Proposition 1, allows concluding that
when the laissez-faire equilibrium features pooling, the first-best- and the second-best
utility possibility frontier share only one point, the laissez-faire equilibrium. When 7 >
q/w", the second-best frontier consists of one single point, the laissez-faire equilibrium;
when 7 < q/w”, the only feasible direction of redistribution is from non-users to users
and the labor supply of the latter will necessarily be distorted to implement a separating
equilibrium.

Parts i) and 4ii) provide instead results that mirror those that would be obtained in
a setting where the single-crossing condition holds. For this reason we will not discuss

these results at length.

N n —n N _yn
2T (YE,) > 04 Uy + 202Xl P < n, 4 %[(minm where the right hand side of

(wl)? (wN)?—m(wn)?]’

the inequality defines the upper bound of the utility that can be enjoyed by non-users.
. —n N _yn )2 =n
20f Upp < V' < Upp + 202000 then T/ (YZ,) = 0, then T' (YA,) = 0; if V' > Upp +

(wN)?

2 Oe=Yie)® then T' (V) < 0 and T' (YY) < 0.

(wN)?
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According to part i), if redistribution goes from agents earning a relatively high in-
come under laissez-faire towards agents earning a relatively low income under laissez-faire,
incentive-compatibility considerations call for distorting downwards the labor supply of
those benefiting from redistribution (provided that redistribution is sufficiently large).?

Similarly, according to part i), if redistribution goes from agents earning a relatively
low income under laissez-faire towards agents earning a relatively high income under
laissez-faire, incentive-compatibility considerations call for distorting upwards the labor
supply of those benefiting from redistribution (again, provided that redistribution is suffi-
ciently large). Moreover, albeit part 4ii) of Proposition 2 indicates that negative marginal
tax rates may be a feature of a second-best optimum, this can only occur by postulating
unconventional redistributive tastes (given that Y7 > Y% = Ulp > UN.). 2

Finally, notice that, with redistribution going from users to non-users, income re-

ranking will never occur.

4 Pareto-efficient taxation when the cost of the work-
related good is nonlinear in labor supply

In the previous Section we have assumed that the cost of the work-related good for
users was proportional to their labor supply and we have emphasized four main results:
i) an anonymous nonlinear income tax may allow the government to convert a pooling
laissez-faire equilibrium into a separating equilibrium; ii) negative marginal income tax
rates can be rationalized even without resorting to unconventional redistributive tastes;
iii) the second-best utility possibility frontier may be discontinuous; iv) a second-best
optimum may not preserve the income ranking prevailing under laissez-faire. Similar
qualitative results generalize, with some nuances, to the case when the cost of the work-

related good is nonlinear in hours of work. Below we briefly discuss this possibility by

23Notice that Y/ < Y% is a necessary (but not sufficient) condition for a max-min planner to pursue
redistribution from users to non-users. When w” — ¢ > w", so that U}z > UJ'f, a max-min planner will
redistribute from users to non-users and incentive-compatibility considerations will require to impose a
downward distortion on the labor supply of non-users. However, as shown in Appendix B, the magnitude
of the downward distortion will never be so large to induce non-users to stop working (and in particular
YZs > Q, where Q is defined in (7)). Nevertheless, it is possible that a max-min planner succeeds
in equalizing the utility of the two groups even though non-users, i.e. the transfer-recipients, work a
positive amount of hours. This stands in contrast to standard models where a max-min planner can
achieve utility-equalization only by discouraging the labor supply of the transfer-recipients to the point
where they choose not to work.

24Notice that this is in contrast with what we obtained in Proposition 1 where one did not require
unconventional redistributive tastes to rationalize negative marginal tax rates.
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focusing on the two following functional forms for ¢ (h):

h3
Case 1: ¢ (h)=qh+ 5 (8)
Case 2: ¢ (h) = qth + @2h'/?, 9)

where we assume ¢; > 0, ¢ > 0, g3 > 0, and w™ > ¢ (where the last assumption
represents a necessary condition for Y, > 0). In Case 1, ¢ is convex. whereas it is
concave in Case 2.

For Case 1 we have that, at any given bundle in the (Y, B)-space, the marginal rate
of substitution for a user is given by:

N q1 Y 2 q3 1
MRSYy =%+ (=5 ) 5+ — Y. (10)

whereas for Case 2 we have:

y \ Y2 1
MRSY, = D ( ) e 1y ()
w

N m wN (’LUN)2
In both cases the marginal rate of substitution for a non-user is given MRS}z =
Y/ (w™)?. Thus, when w" > w" users will always have steeper indifference curves than
non-users at all bundles in the (Y, B)-space. When w" < w", instead, the single-crossing

property is no longer satisfied (similar to the case with proportional costs of work).

In Case 1 users will have flatter indifference curves at bundles where

l(wif R <w}V>2] Yo (%) e (12)

When ¢; > 0, (12) implies that users will have flatter indifference curves at bundles

where
Yiow <Y < Yhigh;

and Y, and Yj,g, are the values associated with the following expression:?

(@) = (@) £/ [N)? = ()]’ - dqgs (wn)?

w D)
2q3 (w™)

When instead ¢; = 0, users will have flatter indifference curves at bundles where

Y < - (13)

2
25Hereafter we will assume that [(wN)2 — (w")ﬂ — 4q1q3 (w™)* > 0.
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In Case 2, users will have flatter indifference curves at bundles where
L )y o (v e 14
(w”)2 (wN)2 wh Y whN’

which requires Y to be sufficiently large.

Consider first Case 1 when ¢; > 0. Apart from the fact that, on the contrary to what
happened in Section 3, two indifference curves, one pertaining to a user and one pertaining
to a non-user, may cross more than twice, if one were to characterize the properties of a
second-best optimum there would be three main differences with the qualitative results
stated in Propositions 1 and 2.%°

The first difference refers to part i) of Proposition 1. In particular, even though it is
still true that, provided 7 is sufficiently small, it is feasible for the government to convert a
pooling laissez-faire equilibrium into a separating equilibrium where redistribution favors
users, it is no longer true that there exists a range of values for V' such that the second-
best optimum is not unique (in the sense that there exists two different allocations that
can be offered to users and that maximize their utility). Intuitively, the reason is that,
whereas in the model considered in Section 3 the convexity of the indifference curves was
constant in Y for both users and non-users,?” this is no longer true for users when ¢ (h)
is nonlinear in labor supply.?®

The second difference refers to part i) of Proposition 2. In particular, it may now be
feasible to use a nonlinear income tax to redistribute from users to non-users even when
the laissez-faire equilibrium is a pooling one. As we observed in Section 3, the reason
why this was not possible with ¢ (h) = ¢h was that, when Y} = Y/}, the indifference
curve on which non-users locate under laissez-faire lies everywhere above the indifference
curve on which users locate under laissez-faire (except at the point Y% = Y/Y%. where
the two indifference curves are tangent). Under condition (8), however, this is no longer
necessarily true. In fact, assume that Y/ = Y/% = Yj,,; even though the indifference
curves associated with utility levels UM, and U7y, which are tangent at Yj,,,, do not cross

at Y < Yoy or Yigy <Y < Vg, they will cross at some value Y > Y052 Similarly,

26Notice that there are five possible configurations for a laissez-faire equilibrium: Y7, < Y < Yiow;
N p 5 g N ~ LF LF
Yiow <Y['p <Yip < Yhigh; Yhigh <Yip <Y'p: Yip =Y’ = Yiow; Yip = Yi'r = Yhigh-

. . 2
"In the (Y, B)-space, the indifference curves of users have equation B = UN + %Y + 3 (25)7, so
Y

)%, which

9*B _ 1 A : _ g 1
that 555y [uv= Ny and the indifference curves of non-users have equation B = U™ + 35 (

wn

. . 2
implies a(;jfaBY lyn= (wi)Q.
3 2 2 . .

ZWhen ¢ (h) = wLqu + (wLN) £, we have that 8‘2,% lov= (1+ 2q3wLN) / (w™)7, implying that
2

2B |y~ is increasing in Y.
29Notice that when Y7 = YV = Y., the indifference curve U7, lies everywhere below (except at

LF LF LF
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assume that Y% = Y% = Yin; even though the indifference curves associated with
utility levels U, and Up,, which are tangent at Yhign, do not cross at Y > Y or
Yiow <Y < Yhign, they might cross at some value Y < Yiow- 20

The last difference refers to the kind of income re-ranking that may arise at a second-
best optimum. In particular, whereas Propositions 1 and 2 never contemplated the pos-
sibility that Y% > Y% while Y25 < Y5, this may occur in Case 1. The proof of this
result is presented in Appendix C.

Consider now Case 1 when ¢; = 0. With some nuance, this case delivers results that
are opposite to those obtained in Propositions 1 and 2. Intuitively, this is due to the fact
that, whereas in Section 3 we had that users had flatter indifference curves for values of
Y exceeding a given threshold, exactly the opposite pattern holds for (8) when ¢; = 0.3
This implies that it is never feasible to convert a pooling laissez-faire equilibrium into a
separating equilibrium where redistribution favors users, while it is feasible, provided
is sufficiently large, to break a pooling laissez-faire equilibrium and redistribute towards
non-users.>? Moreover, in contrast to what happened in Section 3, where a second-best
optimum might have been non-unique when Y} = Y., here the bundle offered to each of
the two groups at a second-best optimum is uniquely determined. Once again, the reason
is that the convexity of the indifference curves is not constant in Y for users when ¢ (h)
is nonlinear in labor supply. In particular, given that the aforementioned convexity is for
users increasing in Y, when Y}, = Y/}, and 7 is sufficiently large so that it is feasible to
redistribute towards non-users, it is more efficient to achieve type separation by distorting
upwards the labor supply of non-users (letting them face a negative marginal tax rate).
Finally, and again in contrast to what happened in Section 3, the only type of income
re-ranking that may occur is Y% > Y% A Y, < Y.

Consider now Case 2 where ¢ (h) is given by (9). In this case we have that Y/Y. > 0
provided that g5 is not too large. In any case, Y7}, < (w™ — ¢1) w™, where (w" — ¢;) w"

represents the laissez-faire level of income earned by users when ¢, = 0 (so that ¢ (h) =

Yiow) the indifference curve Ufp for Y < Yig,. Thus, when it is feasible to convert a pooling laissez-
faire equilibrium where Y;'p = YLI\} = Yo into a separating equilibrium where redistributiona favors
non-users, the labor supply of non-users will be upward distorted (they will face a negative marginal tax
rate).

30Notice that, as remarked in footnote 26, a pooling equilibrium under laissez-faire can only occur
at either Yj,, or Ya;gn. Notice also that when Y7, = YLA} = Yhign the indifference curve U iVF lies

everywhere above (except at Yhigh) the indifference curve Uy for Y > Y,y,.

31For ¢ (h) = (wLN)3 % there are three possible configurations of a laissez-faire equilibrium: Y}, <

(wN)27(wn)2 N (wN)27(wn)2 (wN)27(wn)2 wN

N wo w N n . yN _yn _ wN
YLF < (wm)? g3’ (wm)? q3 <3YLF < YLF7 YLF - YLF - (wn)? prat
32This is because, when ¢ (h) = (wLN) L oand Yip = Y., the indifference curve on which users

locate under laissez-faire lies everywhere above the indifference curve on which non-users locate under
laissez-faire (except at the point Y% = Y. where the two indifference curves are tangent).
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¢1h, which would bring us back to the case analyzed in the Section 3). Assuming that g,
is such that Y. > 0, if one were to characterize the properties of a second-best optimum,
there would be three main differences with the qualitative results stated in Propositions
1 and 2.

The first difference refers to part i) of Proposition 1. In particular, even though it is
still true that, provided 7 is sufficiently small, it is feasible for the government to convert a
pooling laissez-faire equilibrium into a separating equilibrium where redistribution favors
users, it is no longer true that there exists a range of values for V' such that the second-
best optimum is not unique. Once again, this is due to the fact that the convexity of the
indifference curves is not constant in Y for users when ¢ (h) is nonlinear in labor supply.
With ¢ (h) given by (9), the convexity is increasing in Y.** Thus, when Y7, = Y% and 7
is sufficiently low so that it is feasible to redistribute towards users, it is more efficient to
achieve type separation by distorting downwards the labor supply of users (letting them
face a positive marginal tax rate).

The second difference refers to the kind of income re-ranking that may arise at a
second-best optimum: whereas Propositions 1 and 2 never contemplated the possibility
that Y% > Y7 while Y& < Y%, this may occur under condition (9). The proof of this
result is presented in Appendix D.

Finally, the last difference refers to the fact that, when redistribution goes from non-
users to users, it is possible that a second-best optimum entails a distortion on the labor
supply of users even when no self-selection constraint is (locally) binding in equilibrium.
The reason for this last result is related to the fact that, with ¢ (h) given by (9), it
is no longer the case that M RSY, is monotonically increasing in Y.** More precisely,
since MRSy, = 4 + (wLN)_l/2 &+ (w}V)QY, we have that OM RSY,/0Y = (wzlv)Q —

2 (YN)"*? which implies that OM RSY,/8Y > 0 for YN > (g2/2)*w". Thus,

2(1_UN)1/2
while the value of M RSY, is always positive for Y > 0, it starts at +o0o when Y = 0, then

it gradually decreases until it reaches a minimum, and only after that it monotonically
increases. In particular, the fact that M RSY, > 1 for very low values of Y implies that,
when V" is sufficiently low so that incentive-compatibility considerations require that Y

must be very small,*® it may be optimal for the government to offer users a bundle where

3 When ¢ (h) = Xrq1 + (wLN)l/2 2¢2, we have that ;’;% lov= s — —2 (YN)_S/Q, implying

(wN)2 Q(wN)1/2
that aayzify |y~ is increasing in Y.
34Tn other words, the indifference curves for users are not everywhere convex.
35This happens when V" is set larger than but very close to (1 — ) (w™)* /2. As explained in Appendix
A, with Ugy < Ufp the government collects from each non-user a maximum amount of revenue equal

to Y™ — B" = (1/2) (w")* — Ugp. This implies that the revenue that can be transferred to each user
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YN = 0 even though it would be incentive-compatible to let users increase to some extent
their labor supply (and enjoy a slightly larger value of consumption).3°
This possibility is illustrated in Figure 1 below and a numerical example is provided

in Appendix E.

In the figure above pre-tax income Y is represented on the horizontal axis and after-
tax income Y — T (Y') = B is represented on the vertical axis. The dashed 45 degree line
represents the laissez-faire budget line (no taxes nor transfers); the point labelled A on
this line represents the bundle selected by non-users under laissez-faire. Bundle labelled
B represents the undistorted bundle offered to non-users and lying on the indifference
curve where U" = V"'. The blue 45 degree line represents the virtual budget line on
which a bundle for users can be offered given the revenue extracted from non-users.
Incentive compatibility requires that, on the blue virtual budget line, users can only be
offered bundles to the left of bundle £ and to the right of bundle F', with both £ and
I belonging to the set of admissible bundles. The three black curves passing through
bundles F/, D and C' are three different indifference curves pertaining to users.

From the figure one can see that bundle labelled D is strictly preferred by users to
the bundle labelled E. But if users are offered the bundle D, the self-selection constraint
requiring non-users not to mimic users is slack. Notice also that users would be better off
if they could get bundle C' on the blue virtual budget line, i.e. the bundle at which their
labor supply is undistorted. However, offering them this bundle would induce mimicking
by non-users. Therefore, at a second-best optimum users are offered bundle D and non-

users are offered bundle B. The labor supply of users is downward distorted even though

is equal to (1 — ) |(1/2) (w™)* — UQB] /7, which in turn implies that users can be offered a bundle on

the virtual budget line B = == [% (w™)? — UEB} +7Y. On this virtual budget line some bundles cannot

be offered since they would induce mimicking by non-users. To identify the set of incentive-compatible
bundles on the virtual budget line, one has to find the two values for Y at which the relevant indifference
curve for non-users (i.e. the one associated with utility UZg) intersects the virtual budget line. The
only bundles on the virtual budget line that do not violate incentive-compatibility are those to the left
of the first intersection point and to the right of the second intersection point. When V" is close to
(1 — ) (w™)? /2 the first intersection point occurs at a value for Y which is close to zero.

36More precisely, it may be optimal for the government to offer users the
bundle (YN, BY) = (071_—” {1 (w”)Q—VnD even though it would be incentive-

T 2
compatible to let wusers increase their labor supply to reach the bundle (YV,BY) =

((w”)2 - 10”\/71r [(w")2 - 2Vn] Lim (yym)? — PT”VTL —w" \/}r [(w")2 - 2Vn}> , where the latter

) 2T

represents the bundle at which we have the first intersection between the relevant indifference curve for
non-users (i.e. the one associated with utility UZz) and the virtual budget line for users implied by the
tax revenue collected from the group of non-users.
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no self-selection constraint is binding at the second-best optimum. Nonetheless, the
reason why users are offered a distorted bundle is ultimately due to the need to prevent

mimicking from non-users and ensure proper self-selection by agents.

5 Subsidizing work-related expenses

In our analysis we have so far maintained the assumption that the only policy instrument
for the government is a nonlinear income tax. In this setting we have highlighted the
consequences descending from the violation of the single-crossing condition. Most gov-
ernments, however, allow special tax treatments for work-related expenses.?” As we will
show below, in general this does not imply that the single-crossing condition is restored.

To illustrate this point, assume that job-related expenses are subsidized at a flat rate .38

3TRecent contributions that have analyzed the optimal tax treatment of work-related expenses include
Koehne and Sachs (2017), Bastani et al. (2017) and Ho and Pavoni (2018), where the last two papers
explicitly focus on the case of child care expenditures. A common feature of these papers is that they
consider a setting where all agents are, according to our terminology, "users". Both Koehne and Sachs
(2017) and Ho and Pavoni (2018) assume that agents only differ in market ability and allow for the
possibility that an individual tax liability is a nonlinear and non-separable function of earned income
and work-related expenses. However, whereas Ho and Pavoni (2018) focus on deriving properties of
particular welfare optima, Koehne and Sachs (2017) focus on Pareto-improving reforms and provide an
incentive-adjusted no-arbitrage principle that is a necessary requirement for Pareto-efficiency. They also
show that the optimal work-related consumption wedge generally differs across agents, which implies that
the required wedge cannot be created by standard forms of linear commodity taxation or by allowing all
agents to deduct from their income tax base the same proportion of work-related expenses. Bastani et
al. (2017) evaluates the desirability of uniform tax deductions and/or uniform tax credits for child care
expenditures in a setting where agents differ in market ability and nurturing ability, and where the two
dimensions of heterogeneity are perfectly and positively correlated. They show that, when child care
expenditures are also a function of the quality of the service and this can be freely chosen by agents,
subsidizing child care expenditures may be undesirable.

38We are implicitly assuming that job-related expenses are not observable by the government at the
individual level so that a nonlinear subsidy scheme is not an option. This is an assumption that is
often made in the literature (see, e.g., Anderberg and Balestrino, 2000, Cremer, Pestieau and Rochet,
2001, Micheletto, 2008, Blomquist, Christiansen and Micheletto, 2010, Jacobs and Boadway, 2014). Lack
of public observability of personal purchases appears a realistic case to consider since individuals have
often the possibility to misreport their true work-related expenses to the tax authority. For purchases of
work-related goods, as opposed to work-related services, the possibility of reselling by agents exacerbates
the problem of observing consumption at the individual level (see Hammond (1987) on the desirability
of linear pricing when exchanges on side markets are not observable by the government). If job-related
expenses were costlessly observable by the government at the individual level, the government could
instead devise a nonlinear tax schedule that is a joint function of earned income and job-related expenses.
In such a case, if as in our model job-related expenses were not adjustable by the individuals, a first-
best optimum could be implemented. However, a first-best optimum would not be implementable if the
work-related good had a value for individuals that goes beyond its role as a necessary requirement for
working. For instance, assume that X is a work-related good that users need to purchase in an amount
that is given by the increasing function & (h), but it is also a good that positively contributes to the
agents’ utility for the amount exceeding « (h). Denoting by Z the total amount of X that is purchased
by an agent and denoting by ¢ the amount consumed of a separate composite consumption good, utility
would be given by U = c¢+v (T — k (h)) — h?/2, where v (-) represents an increasing and concave function
and where & (h) = 0 for non-users. In such a setting, even if the government were able to observe total
expenditures on good X at the individual level (i.e. Z), a tax function that jointly depends on earned
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The first thing to notice is that, by setting s = 1, the single-crossing condition would be
restored.?® The issue, however, is that s = 1 is not necessarily the optimal strategy for
the government. To illustrate this point we will refer to the set-up considered in Section 3
where U = ¢—h?/2 and ¢ (h) = qh. Since a subsidy on job-related expenses works in favor
of users, assume that the socially desirable direction of redistribution is from non-users
to users (V' = Uy < (w")* /2 = Upy). Moreover, assume that (w™ —q) w" # (w")?
and*’ b2

R i (Ve KA VO i .
2 2 2 ()

so that when s = 0 the government needs to offer users a distorted bundle to prevent

mimicking by non-users,*! whereas the latter are offered the undistorted bundle*?
(Y, B) = (w™)?*, V" + (1/2) (w™)?) . (16)

Notice that, if incentive-compatibility considerations were not an issue, the government

would offer users the undistorted bundle (Y, BY) where

(Y,B) = ((wN—q)wN, (¥ — ) w" + 1—m {1

se-7]).an

7

allowing them to achieve a higher utility.

What we want to ascertain is whether, by properly choosing the subsidy rate s, the
government may indeed offer users an undistorted bundle while preventing mimicking
from non-users. For this purpose, assume that the government introduces a subsidy at
rate s > 0 and that it offers users the bundle
Lo E (w™)? — Vn} - (wN —q) qs) , (18)

(Y,B) = ((wN—q)wN, (wN—q)wN+ -

income and expenditures on X would not be enough to implement a first-best optimum. The reason is
that non-users would be able to adjust their purchases of good X to mimic the purchases of users.

39With s = 1 users would have flatter (steeper) indifference curves at any point in the (Y, B)-space
whenever w¥ > (<)w™. From the perspective of agents, s = 1 is equivalent to granting them a refundable
tax credit for all their work-related expenses (since offering agents a refundable tax credit for a fraction
~ of their work-related expenses is equivalent to subsidize work-related expenses at the rate 7). Tax
deductions represent an alternative possibility to offer agents a tax break. However, full deductibility,
besides being not necessarily optimal, does not always imply that the single-crossing condition is restored.
Denote taxable income by M, the nonlinear income tax by 7' (M), and define B = M —T (M). What one
can show is that full deductibility of work-related expenses allows restoring the single-crossing condition
in the (M, B)-space when ¢ (h) = gh. In this case users would have flatter (steeper) indifference curves
at any point in the (M, B)-space whenever w™ — ¢ > (<)w". If instead work-related expenses scale
nonlinearly in labor supply, full deductibility of work-related expenses does not allow restoring the single-
crossing condition.

40The assumption (wN — q) wh £ (w")2 implies that YLAIZJ # Y.

“The fact that the government needs to distort the bundle offered to users when V' <
(wn)477r|:(wN7q)wN7(wn)2:|2
2(wn)?

42 Ag shown in Appendix A, non-users would be offered a distorted bundle if V" < — (w™)? /2.

is shown in Appendix A.
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while keeping unchanged the bundle intended for non-users.

Comparing the two bundles given by (17) and (18), we can see that, while Y is the
same, the value of B in (18) has been lowered by an amount (wN — q) qs = (Y/wN) qs =
h¥gs, which exactly offsets the saving that users enjoy due to the subsidy on job-related
expenses. Thus, under a subsidy at rate s, the bundle (18) would represent an undistorted
bundle that allows users to achieve the same utility as under the bundle (17) when s = 0.
The difference is that, while offering (17) with s = 0 is not incentive-compatible, offering
(18) with s > 0 prevents mimicking by non-users when the following condition holds:

V"> (wN—q)wN—i—l_?T F(w”)Q—V"} 1 (M) — (W™ —q) gs. (19)

T 2 2 wn

Solving (19) to find the minimum value for s, denoted by s*, that satisfies the inequality

above, one gets:
—n w4 wN —g\wN 2
= - .
(W —q)q

Summarizing what we have obtained so far, when s is chosen according to (20) the

government could offer users an undistorted bunglle, without inducing mimicking by non-

> (N —g)wN -]
2(w")2

government only relies on a nonlinear income tax.

users, even when V' < (w; , a result that cannot be achieved if the

The important thing to notice, however, is that this does not allow concluding that
the second-best optimum will coincide with the first-best optimum. In fact, once s is
chosen according to (20), the other self-selection constraint, i.e. the one requiring users
not to be tempted to mimic non-users, may become binding.** The reason is that, since
non-users are still offered the undistorted bundle (16), a subsidy on job-related expenses
implies that the consumption available for a user behaving as a mimicker, i.e. choosing the
bundle intended for non-users, increases by the amount (w")*sq/w", where (w")* /w™
represents the labor supply of a user behaving as a mimicker. In particular, users will

not have an incentive to mimic non-users if the following condition holds:

(wN—Q)wNJrl;WB(w")Q—V"}—(wN—Q)q—%(wN—Q)2
> V”+%(w")2—<1—s)q<fvp —%<(1“;—N)> , (21)

where the left hand side of the inequality above represents the utility achieved by users

at the undistorted bundle offered to them by the government, and the right hand side

43This self-selection constraint was trivially non-binding at a second-best optimum when V"' < Uy,
and the only policy instrument used by the government was a nonlinear income tax.
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represents the utility that they would achieve if they were to choose the bundle (16)
intended for non-users.**
As shown in Appendix E, substituting in (21) the value for s provided by (20), we
can rewrite the no-mimicking condition as follows:
2 [ [ 0 =) - ] 2 (0 20) [ (0 =) - ]
(22)

™

It follows that, when w™ (wN — q) — (w")2 > 0, users have no incentive to mimic non-
users. When instead w” (wN — q) — (w")2 < 0, users have no incentive to mimic non-users

when the following condition holds:

namely when

w™N

V"> % {(w”)2 — WM [(w“)2 —w™ (WY —q)] } : (23)

Therefore, when v (w" —¢) — (w™)? < 0 and (23) is violated, an optimal nonlin-
ear income tax coupled with an optimal subsidy on job-related expenses will not allow
implementing the first-best allocation. The reason is that in this case the optimal value
for s will be the result of a trade-off between the desirable effects in terms of deterring
mimicking by non-users and the undesirable effects of making more tempting for users
to mimic non-users. This implies that at the resulting second-best optimum both self-
selection constraint will be binding, with the possibility that the second-best optimum
is a pooling equilibrium. In any case, the labor supply of at least one group, users or
non-users, will be distorted. If the labor supply of users is distorted, their labor supply
will be upward distorted; if the labor supply of non-users is distorted, their labor supply
will be downward distorted.

Notice also that, since the right hand side of (23) defines a value for V" that is lower
than the one defined by the right hand side of (15) when (w™)? > w" (w" — ¢), it

follows that, provided that the desired degree of redistribution from non-users to users is

4 Notice that the right hand side of (21) can be rewritten as B™ — (1 — s) q}% -3 (Z—Z)Q, where the

term (1 — s) q}% represents the effective outlay for job-related costs when users mimic non-users and
job-related expenses are subsidized at rate s.

45 Assume that (w™)? — w™ (w™ = ¢) > 0. The condition (w)? — WwaNqu [(w")2 —wh (wh - q)} <

a2 [(w")?—(w —q)w™]? ny\2 N N1 N
(w™) ™ ) can  be  restated  as [(w )= (wN —q)w } w -
(2w —q) [(w”)2 —w? (wh - q)] (w™)? < 0 and therefore |(w")? — (wh — q) wN] wh <

(2wN — q) (w”)2 Simplifying terms one gets — (wN — q) (wN)2 < (wN — q) (w”)2
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not too large, an optimal subsidy allows implementing the first-best allocation even when

(w”)2 > wh (wN — q). In particular, the range of values for V" for which this occurs is

given by:

L w"2—ﬂw w")? —w" (W —

{22 [ - 0 - )] |
<yl rle e W

So far, our analysis has relied on the assumption that (w" —gq)w™ # (w™)? so that
Y. # Y. If instead Y/, = Y/, it is easy to see that supplementing a nonlinear income
tax with a subsidy on job-related expenses allows implementing a first-best optimum. In
fact, assume that — (w™)* /2 < V" < (w™)? /2 = U0 By offering to all agents, users

" — (wn)Q _on
and non-users, the bundle (Y, B) = ((w”)2 , % +V ) and setting s = ﬁ,
achieves redistribution (UZy = V"' < Upp; Ul = UNe + =2 (U — V') > UN,), while

at the same time leaving undistorted the labor supply of all agents (Y&, = Y&, = Y% =

one

Y2,), maintaining incentive-compatibility (given that all agents are offered the same
bundle in the (Y, B)-space), and satisfying the public budget constraint (since the cost of
the subsidy benefiting users, i.e. (wN — q) sqm, is exactly matched by the total revenue
(™) "

s — V).

The following Proposition summarizes our results.

collected through the income tax, i.e.

Proposition 3 Assume that V' < Ul'r, tmplying that the desired direction of redistri-

bution is from non-users to users. We have that:

. N n v n_ x (Vie—Yip)? ~ : : '
i) If Y p # Y/ and V > Uy — 3 a nonlinear income tax is sufficient to

implement the first-best allocation.

" N n n Evak n m (YLJ\;‘* )2 : :

i) If Yo > Yip and —Upp < V' < Upp — 5257LE— a nonlinear income tax
coupled with a properly chosen subsidy on job-related expenses allows implementing

the first-best allocation; the same will be true when Y, < Y% and (24) holds, or

N _yn
when Y = Y/%.

i) If YN, < Yi and —Ulp <V < Ulp— %% (Y7 — Y%), an optimal nonlinear
mcome tax coupled with an optimal subsidy on job-related expenses will itmplement
a second-best optimum where both self-selection constraints are binding. At this

second-best equilibrium, which may be a pooling equilibrium, the labor supply of at

46 The reason to assume V' > — (w™)? /2 is that for V' < — (w™)® /2 it is not possible to leave the
labor supply of non-users undistorted without pushing B™ below zero.
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least one group, users or non-users, will be distorted. If the labor supply of users is
distorted, their labor supply will be upward distorted; if the labor supply of non-users
18 distorted, their labor supply will be downward distorted.

As we have remarked above, one interesting finding is the possibility of a second-best
optimum which is a pooling equilibrium. This possibility is illustrated by the following
numerical example. Assume that w" = 12, w® = 10, ¢ = 5 and 7 = 1/2. Under
laissez-faire we have that Y% = (w" —¢)w" = 84 and Y% = (w")® = 100, with
Uy = (w - q)2/2 = 24.5 and Uy = (w™)? /2 = 50. Assume that the social welfare
function maximized by the government is of a maximin type. When only a nonlinear
income tax is used, the second-best optimum is a separating equilibrium where the only
binding self-selection constraint is the one requiring non-users not to be tempted to mimic
users, and where YJ), = 42.86, Y, = 100, Uy = 26.79, Ug, = 41.84, T (YJ},) = 28.57,
T" (YZs) = 0, and the average income tax rate, defined as (Y — B) /Y, is equal to 8.16%
for non-users and to —8.16% for users.

When a nonlinear income tax is used jointly with an optimal subsidy on job-related
expenses, the second-best optimum is a pooling equilibrium where both self-selection
constraints are binding, s* = 0.65, Y, = Y&, = 95.45 UL, = UZy = 36.97, and the
average income tax rate, defined as (Y — B) /Y, is equal to 13.54% for both groups (but
where users get a benefit from the subsidy on job-related expenses so that their effective
average tax rate, defined by [(Y — B) /Y] —s*q/w", is equal to —13.54%). At the second-
best optimum the labor supply of users is distorted upwards (it was distorted downwards
under a second-best optimum when only a nonlinear income tax was used) and the labor
supply of non-users is distorted downwards (it was left undistorted under a second-best

optimum when only a nonlinear income tax was used).

6 Concluding remarks

Previous contributions in the optimal tax literature have highlighted the possibility to
obtain negative marginal income tax rates when introducing heterogeneous preferences
or introducing an extensive margin of labor supply together with heterogeneous fixed
costs of work. In this paper, we have highlighted, relying on a simple two-type model,
how negative marginal income tax rates can be generated by introducing heterogeneity in
needs (for a work-related consumption good) in a pure intensive-margin optimal income
tax model where agents have homogeneous preferences.

A key feature of the analysis has been that our modelling of a bi-dimensional het-
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erogeneity implies a violation of the single-crossing condition. This circumstance is re-
sponsible for other interesting findings that are non-standard. First of all, a second-best
optimum might not preserve the earned-income ranking that prevails under laissez-faire.
Second, redistribution via income taxation might be feasible even when the laissez-faire
equilibrium is a pooling equilibrium. Third, a second-best optimum might not be unique,
in the sense that there might be more than one set of allocations in the (pre-tax income,
after-tax income)-space that solve the government’s maximization problem. Fourth, the
second-best utility possibility frontier might be discontinuous. Fifth, supplementing an
optimal nonlinear income tax with an optimal subsidy on work-related expenses may
imply that the second-best optimum is a pooling equilibrium where both self-selection
constraints are binding. Sixth, we show that at a second-best optimum the labor supply
of some agents might be distorted even though no self-selection constraint is (locally)
binding in equilibrium.

Before concluding, a final remark is in order. For tractability reasons, we have focused
our analysis to a simplified two-type model where skills and needs are perfectly correlated.
However, insofar as our non-standard results hinge on the violation of the single-crossing
condition, they generalize, with some nuances, to settings with a larger number of types
and imperfect correlation between skills and needs. For instance, due to our simplified
two-type model, when negative marginal tax rates are a feature of a second-best optimum,
they are confined to the top of the income distribution; in a more general setting, instead,

negative marginal tax rates can apply at intermediate levels of income.
Appendix A

Proof of Proposition 1: For later purposes, let’s start by characterizing the laissez-
faire equilibrium. The labor supply of users would be hYY;. = w" — ¢ and the labor supply
of non-users would be h7, = w". Thus, we would have that Y/}, = (w" — ¢) w" and
Y, = (w™)?, implying U, = (wN — q)2 /2 and Uy = (w™)? /2.

Assuming that the desired direction of redistribution is from non-users to users, it
follows that the government aims at offering to users a (Y, B)-bundle such that Y —BY <
0 and to non-users a (Y, B)-bundle such that Y — B™ > 0. If the government succeeds in
achieving its redistributive goals, non-users will then obtain a utility that is lower than
the utility they would obtain under laissez-faire. Denoting their utility at a second-best
optimum by Uz, we have Ul < Uy = (w")* /2.

With income tax revenue collected from each non-user being equal to YY" — B", the

revenue that can be transferred to each user is equal to (1 — 7) (Y — B™) /7. With non-
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users being offered a bundle on their indifference curve with associated value V', the
maximum revenue that the government can collect from each of them is obtained at the
bundle where their labor supply is undistorted, implying a zero implicit marginal income
tax rate for non-users,’” at least as long as the undistorted bundle on the indifference
curve Ugy does not violate the constraint B” > 0. Assume for the moment that this is
indeed the case.”® Then, independently on the value of V"', we will have that Y™ = (w")”.

With V" < U7, and Y™ = (w")?, the government collects from each non-user an
amount of revenue equal to Y — B" = (w")* — [Vn +(1/2) (w”)Q} = (1/2) (w")* —
V". This implies that the revenue that can be transferred to each user is equal to
(1—m)[(1/2) (w")? — Vn} /7, which in turn implies that users will be offered a bundle

on the virtual budget line

B =

1—7 B (w)? — V"} Ly (A1)

T
On this virtual budget line, however, some bundles cannot be offered since they would
induce mimicking by non-users. To find the set of incentive-compatible bundles on the
virtual budget line (A1), one has to identify the values for Y at which the relevant
indifference curve for non-users (i.e. the one associated with utility V") intersects the
virtual budget line.

Taking into account that the relevant indifference curve for non-users has equation
—n 1YY
por i L(Z) )

w?’L

by equating (A1) and (A2) one can find two values for Y. These are given by:

o IR
Y = (w") {11\/1 (wn)%{v 5 (1= )}}
= (w”)2{1i\/%

= (w")2 + w"\/l [(w")2 — QVn}, (A3)

™

7 N\
[y
|
5 o
o
=
N———
——

where the term within square root is positive due to the initial assumption that V' <
Upp = (w")* /2.

4"We follow the common practice in the optimal tax literature of defining the implicit marginal tax
rate faced by an agent at a given bundle as the difference between 1 and the agent’s marginal rate of
substitution between Y and B.

8 This is equivalent to assume that V' > — (w”)2 /2, since this would be the utility for a non-user at
the undistorted bundle (Y, B) = ((w™)*,0). We will later relax the assumption that V" > — (w™)? /2.
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On the virtual budget line (A1) only the bundles with Y < (w™)*—w" \/% [(w”)2 — 27”]

and Y > (w")® +w" \/ 1 [(w”)2 — 27”} are incentive-compatible (do not induce the non-
users to behave as mimickers).”’ If incentive-compatibility considerations were not an
issue, users could be offered on the virtual budget line (A1) the undistorted bundle

.8) = (" = ), (0 = ) w¥ + 25 - 7))

T 2

Thus, if it is either the case that

(W —q) w > (w")? + w”\/% [(wm)? —2V"], (A4)
or that
(W —q) w" < (w")? - w”\/% [(wn)? —2V"], (A5)

the second-best optimum would entail no distortion on the labor supply of users (7" (stg) =

0). Solving (A4) and (A5) for V"', one finds that 7" (V&) = 0 when

() =7 [(w" —q) w" = (w")’]

2 (wn)?

= : (A6)
where the right hand side of (A6) is strictly lower than (w™)*/2 = UJu as long as
(w™ — q) w™ # (w™)?. (The case when (w™ — q) w™ = (w")? will be considered later.)
Suppose instead that the socially optimal degree of redistribution from non-users
to users is sufficiently large, so that inequality (A6) does not hold. Offering users an
undistorted bundle along the virtual budget line (A1) would then violate the incentive-

compatibility constraint for non-users. This implies that users will either be offered the

bundle (Y4, B4) where

Vi = (w")?— w"\/ % [(wm)? — 2777, (A7)
By = 1 —* B (w")? — V”] +(why? — w”\/ % [(wn)? — 27"
= DT T w”\/ ~ Jwny? — 277, (A8)

and the labor supply of users is distorted downwards (1" (Y{};) > 0), or the bundle

49Notice that, for sufficiently low values of V" (in particular, V" < (1 — 7) (w™)? /2), the lower root of
(A3) might be negative; in that case the set of incentive-compatible bundles on the virtual budget line
(A1) is given by those bundles where Y is greater or equal to the larger root.
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(Y, Bg) where

Vi = (w”)2+w"ﬁ [(w)* = 2V"], (59)
e R e s
B R S I U e S A

and the labor supply of users is distorted upwards (7" (Ysj\g) < 0).

For later purposes, notice that from (A7), since Y4 cannot take negative values, U" can

(w™)*(1-7)

5 when users are offered the bundle (Y4, B4). Notice also that

never fall below
(A9)-(A10) represents a valid characterization of an incentive-compatible bundle offered
to users as long as V' > — (w")? /2. The reason is that in deriving (A9)-(A10) we have
assumed that the labor supply of non-users was left undistorted; this implies that, since
their consumption must be non-negative, V"' > — (w")* /2. This does not mean that it is
not possible to push the utility of non-users below — (w”)2 /2 in an incentive-compatible
way; it only means that to do that it is necessary to distort upwards the labor supply
of non-users, which in turn would imply a different characterization than (A9)-(A10) for

the incentive-compatible bundle offered to users.

Evaluating the utility of users at the bundle characterized by (A7)-(A8), we have:

UN (Vi By) = 5%y = LTy wn\/l [(wr)? — 2V"]

27 T T

_ujJ_N {(w")2 — w”\/% [(w”)2 — QVn] }

whereas the utility of users at the bundle characterized by (A9)-(A10) is

1+7
27

UN (Y, Bg) =

™

(W'~ T w”\/ L rwmy? - 27

- (wLN>2 {(wn)2 T w"\/ ~ Jwm)? 27" }2 S (A1)

Before comparing the utility of users at (Y4, B4) and (Yp, Bg), notice that a necessary

condition for (Y4, Ba) to be part of the second-best utility possibility frontier is that

% < 0 (and similarly, a necessary condition for (Y5, Bg) to be part of the second-
best utility possibility frontier is that % < 0).
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Consider first OUN (Y4, B4) /OV". This is given by:

OUN (Y, By)
ov"

wN _ U)N — (w™ 2 . -1/2 w”
+ [( 9 ) ] {l [(w")? = 2V”]} —-
(A13)

To evaluate when (A13) takes a negative sign, two cases need to be distinguished: i)

(wN — q) wN — (w”)2 < 0; ii) (wN — q) wh — (w”)2 > 0. Under case i) we have that

OUN (Y4,BA)
=~ <0 when

(w)? = (1—7) (w¥)* 1 1 (AL4)

(w)* = (wN = q)wN w" {1 [y 9"}
whereas under case ii) we have that % < 0 when

2 N\2
") =1 1 1
(") = (1 =m) @")" 1 (A15)

(w")2 — (wN = g)wN w" {7_1r [(w")Q B ZVn} }1/2'

wN 2 w™)?
For case i), when 7 < % (implying (w")* — (1 — 7) (wN)2 < 0), (A14) is always

satisfied, implying that one can keep raising the utility of users until V" is pushed down

to the value % (implying that Yy, as defined by (A7), reaches its lower bound
Yy =0, and UN (Y4, BA) = Uz, = W°0-7) When instead 7 > % (A14) is
satisfied as long as
n)2 n)2 N N2
Ty S (w)2—(w _q)wz , (A16)
2 (w")” = (1 —m) (w")

where the right hand side of (A16) is larger than w when 7 > q/w".

() ~wny?

(wN)?

q

Noticing that (w" —¢)w" — (w")? < 0 = < &, we can conclude

that, with (w" — ¢) w" — (w™)* < 0, by offering users the bundle (Y4, B4) one can keep

— n\2
raising their utility up to the point where V" is either lowered to the value W?

when m < &, or to the value (larger than m) defined by (A16), when 7 > I

2 . ,
N _ n
For case ii), instead, we have that when m > (v ()wN)(;U )

ruling out the possibility that the bundle (Y4, B4) is second-best optimal. When instead

, (A15) is never satisfied,

—(w™ 2
T < (w(zuT)(), (A15) is satisfied as long as

—n (w”)2 (wN — q) w — (w”)2 2
VS e e | [ (A17)
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where the right hand side of (A17) is larger than % for m < q/w?.

()"~ (wr?
(wN)?

with (w® — ¢) w" — (w™)? > 0, as long as 7 > I, offering users the bundle (Y4, B,)

Noticing that (w" — ¢) w" — (w")? >0 = > -4, we can conclude that,

cannot be part of a second-best optimum.

Consider now QU™ (Yp, Bp) /OV". This is given by:

_<1_W>+(;v_;)2];

ey e I

dUN (Y, By)
ov"

(A18)

Once again, to evaluate when (A18) takes a negative sign, two cases need to be distin-
guished: i) (w" —¢) w" — (w™)? < 0; i) (wV —¢) w" — (w™)* > 0. Under case i) we

have that %E;’BB) < 0 when

oV
1 _ (1-— 7r)2(wN)2 — (w")? | (A19)
Sl 2] e ) e V=)
whereas under case ii) we have that % < 0 when
1 (1—m) (")’ ~ (") (A20)

> - .
Sl —ar] e [ - )

wlV 2 w™)?
For case i), when 7 > % (implying (w™)* — (1 — ) (wN)2 > 0), (A19) is never

satisfied, ruling out the possibility that the bundle (Y3, Bg) is second-best optimal. When
(™)~

instead ™ < (o)

, (A19) is satisfied as long as

PG {1 _pJr = = g } | (A21)
[(1 =) (W) = (wm)]

,wNQ_ n\2

where the right hand side of (A21) is smaller than W)Zﬁ for <

’LUN 27 w™ 2 wN ’wa —(w™ 2 N - wN 27 o )
( (LN)(Q ) + ( (wﬁgg () and it is larger or equal than W for m < —< (LN)(Q ) +
wi (w" —q) —(w")® W) = (wm)?

( q)g v . Notice in particular that, when 7 < (") (2 ) but sufficiently close
(wh) (™)

’LUN 2_ w™ 2
(()w%, the right hand side of (A21) would define a value that is smaller than

— (w™)? /2, in which case (Yz, Bg), as defined by (A9)-(A10), does not represent a valid

characterization of an incentive-compatible bundle offered to users.

to
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wN )2~ (wn)?
For case ii), instead, we have that when 7 < %

(wN>2_(,wn)2

, (A20) is always satisfied.

When instead m > (A20) is satisfied as long as

WV?
n\2 N N _ o n\2 2
[Ta S Gy S i <2w 7) — (w L (A22)
2 (w)” = (1 =) (w¥)
where we notice in particular that the right hand side of (A22) is smaller than —#

(V) —w")? 5
(N)?

Let’s now compare U™ (Y4, B4) and U (Y3, Bg) as given by (A11)-(A12). Simple

algebra can be used to show that

when 7 is sufficiently close to

UN (Ya, Ba) > (<)UY (Y, Bg) <= (0" — q) w™ < (>) (w)?, (A23)
or, equivalently, since (w" — ¢) w" = Y/}, and (w")? = Y},
UN (Y, Ba) > (<) UYN (Y, Bg) <= Y/} < (>) Y%

The result stated in (A23), coupled with the results that we have obtained above analyzing
% and %, show that, when (w" — ¢) w" > (w™)* and (A6) is violated,
a second-best optimum will necessarily entail an upward distortion on the labor supply
of users (17" (Ysj\é) < 0); regarding the labor supply of non-users, this will either be left
undistorted or, if 7 is sufficiently small and V" sufficiently small, also non-users will face
an upward distortion on their labor supply (77 (YZs) < 0). If the second-best optimum
is such that both 7" (Ysj}g) and 7" (Y§y) are negative, the average tax rate on non-users
is 100% and their consumption is pushed to its lower bound, i.e. zero.?!

When instead (w™ —¢q) w" < (w™)* and (A6) is violated, a second-best optimum

will entail a downward distortion on the labor supply of users (7" (Ysj\é) > () and no-

(wV) = @™)? 5

distortion on the labor supply of non-users (7" (Yds) = 0) as long as m > (o)

5 . 2

50Tn particular, when \/% [(w”)2 — (1 =) (wh) ] <wh (wh —q) - (w™)?.

5L An additional point that is worth emphasizing is that, when (wN — q)2 < (w")2 < (wN — q) whN
(so that Y. > Y% but UM, < UPy), a max-min planner may succeed, if the proportion of users is
sufficiently small, in equalizing the utility for the two groups despite the fact that users, who benefit
from the redistribution enacted by the government, face a negative marginal tax rate.

52Notice that, when (w" — ¢) w" < (w™)?, a max-min planner would like to redistribute from non-
users to users. In this case, if 7 < ¢/w”, a max-min planner would equalize the utility of both groups by
distorting the labor supply of users to the point where Y&% = 0. If instead 7 > ¢/w” a max-min planner
would not equalize the utility for the two groups, and we would have that U > UZ. This is because,
when 7 > q/w”, the right hand side of (A16) defines a value that is weakly larger than W But
for V"' > W# and 7™ > q/w™ the value of UN (Y4, Ba) defined by (A11) is lower than W#
Thus, when (w™ — ¢) w" < (w™)* a max-min planner will never equalize the utility for the two groups
unless Y2 = 0 (which will be optimal only when 7 < g/w').
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(’LUN>2—(1U")2

(wN)?

be characterized by an upward distortion on the labor supply of users (7" (Yé\é) < 0)

However, if 7 < and V' is sufficiently small, the second-best optimum may

and either a no-distortion or an upward distortion on the labor supply of non-users

(T (vd) < 0). 2

()2

T

the second-best utility possibility frontier may feature a discontinuity at Uy = U2y =

(w™)?(1—m) (
2

In particular, this implies that when (w™ —¢) w" < (w")® and 7 <
q

and this would certainly happen if (w" — ¢) w" is sufficiently close to (w™)?).
Starting from this point it may be possible to further increase Uy but this would
require a discontinuous downward jump in UZg. If it is feasible to raise Ul above
U, = wél_”), the corresponding second-best optimum would switch from an equilib-
rium where 7" (YZ;) > 0 and 7" (Yd) = 0 to an equilibrium where 7" (YJ;) < 0 and
T (Ygy) < 0.

Finally, let’s consider the case when (w” — ¢) w" = (w™)? so that YN, = Y. In
this case the right hand side of inequality (A6) simplifies to (w")? /2, which is the utility
achieved by non-users under laissez-faire. This shows that, when (w”)2 = (wN ) (wN — q),
it is never possible to redistribute from non-users to users without distorting the labor
supply of the latter. In order not to violate the incentive-compatibility constraint for
non-users, users can either be offered the distorted bundle characterized by (A7)-(A8) or
the distorted bundle characterized by (A9)-(A10). But when (w")® = (w™) (W™ —q),
users are indifferent between the two bundles. Thus, as long as users prefer these bundles
to their laissez-faire bundle, there will be two equivalent second-best optima, one en-
tailing a downward distortion on the labor supply of users (7" (V) > 0), and one
entailing an upward distortion on their labor supply (7" (Yé\l’;) < 0). If, however, users
are better off under laissez-faire, no redistribution is feasible and the second-best op-
timum coincides with the laissez-faire (pooling) equilibrium.”® Formally, this happens

when UM, = ( 5 ) > UM (Yp, Bg) = UN (Y4, Ba), namely (taking into account that

3In this case both the A-constraint and the ¢-constraint in the government’s problem are binding at
the second-best optimum.
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W T g - T
VT gy ) ) - o7
—% {(WN) (W™ =) + v/ (wN) (W —q) \/% [(w™) (wN — q) — 2V"] }

wN—g><wN——

2 W) g (A24)

When 7 > ¢/w", so that w" —q/7 > 0, (A24) holds when (wN — q) wN /2 > V", namely
whenever V" falls below its laissez-faire value.”* Thus, when (w”)2 = (wN ) (wN — q)
and m > ¢/w!, users’ utility cannot be raised beyond its laissez-faire value (no redistri-
bution from non-users to users is feasible and the second-best optimum coincides with
laissez-faire).”> When instead 7 < ¢/w", so that w™ — ¢/ < 0, (A24) holds when
(W™ —q) wh/2 < V". Thus, when m < q/w" redistribution from non-users to users is
feasible and users will face a non-zero marginal tax rate at a second-best optimum.
Notice also that when (w" — ¢) w" = (w")? and 7 < q/w", the second-best utility
possibility frontier does not feature a discontinuity at UZp = Udy = W)Zﬁ Starting
from this point it would be possible to further increase U2y without a discontinuous

")*(1-m)
2

downward jump in UZg. However, to increase U2y beyond (w , the second-best

optimum would necessarily entail 7" (Y{};) < 0 and T” (YZy) < 0.

Appendix B
Proof of Proposition 2: Assume now that the social welfare weights are such that
the desired direction of redistribution is from users to non-users. This implies that the
optimal bundles offered by the government will entail Y — B® < 0 and Y — BV > 0.
Users will therefore obtain a utility that is lower than the utility they would obtain under
laissez-faire. Denoting their laissez-faire utility by U, and their utility at a second-best

’LUN— 2
optimum by Uy, we have UN, = % > U,

5'Notice that U'p = (w™ — ¢) w™ /2 when (wm)? = (w™) (w" —q). Notice also that when (wm)? =
(wh) (w™ —q), we have that g/w” = [(wN)2 - (w”)z} / (wN)Q.

5 Users’ utility cannot be raised beyond its laissez-faire value even when 7 = q/w.
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With income tax revenue collected from each user being equal to Y — BY | the revenue

that can be transferred to each non-user is equal to —= [YN — BY } With users being

e
offered a bundle on their indifference curve with associated value ULy, the maximum
revenue that the government can collect from each of them is obtained at the bundle
where their labor supply is undistorted (implying a zero implicit marginal income tax
rate for users). In our setting with no income effects on labor supply this implies that,

N

independently on the value of Uly, we will have that YV = (w — q) w” (at least as

long as BY > (w" — ¢) ¢, which implies ¢™ > 0). Thus, when the utility obtained by

users at a second-best optimum is Uy < U, and their labor supply is left undistorted,

the government collects from each user an amount of revenue equal to YV — BN =

(wN — q) wh — [UéVB + % (wN — q)2 + (wN — q) q} = % (wN — q)2 — UZ%,. This implies
1

that the revenue that can be transferred to each user is equal to [5 (wN — q) ‘.U éVB} ,

which in turn implies that non-users will be offered a bundle on the virtual budget line:

m 1 2
le_W[é(wN—q) —UéVB}—i-Y (B1)

On this virtual budget line, however, some bundles cannot be offered since they would
induce mimicking by users. To find the set of incentive-compatible bundles on the virtual
budget line (B1), one has to identify the two values for Y at which the relevant indifference
curve for users (i.e. the one associated with utility Ul%) intersects the virtual budget
line.

Taking into account that the relevant indifference curve for users has equation

1L/Y\ Y
B:U%+§<EO +a— (B2)

by equating (B1) and (B2) we can find the two relevant values for Y. These are given by

_ (M) ¢ 9 2 1 fon_1on
ro= ( ){1 wN:l:\/1+(wN)2 2wN (wN)Ql—W[USB 2( Q)}}

- i e i [ a2 )
= (1 ) ey e,

whV 1—m
= () (o g 2y [

1—m
where the term within square root is positive due to our assumption that U2y, < UM, =

(-0)"

2

(W — q)° — 2U8],
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On the virtual budget line (B1), only the bundles satisfying either of the following

two conditions:

1
1—m
1

1—m

(W™ —q)* = 2U3%]

V< (0¥) (0¥ — )~y
V2 () (@ )+t

are incentive-compatible (do not induce the users to behave as mimickers).”S If incentive-

(W —q)° = 2U3%]

compatibility considerations were not an issue, non-users could be offered on the virtual

budget line (B1) the undistorted bundle

.8) = (w5 0 - o) - ).

1—m

Thus, if it is either the case that

W 2 () (¥ —a) +

1
l1—m

[(wN —q)* —2085], (B3)

or that

1
-7

[(w¥ —q)* —2U55], (B4)

(wn)Z S (wN> (U)N . q) . wN\/l
the second-best optimum would entail no distortion on the labor supply of non-users

(T" (YZz) = 0). Solving (B3) and (B4) for U2}, one finds that 7" (Y¥5) = 0 when

o 00 =)= )
— 2 Q(IUN)2 ,

2

(B5)

where the right hand side of (B5) is strictly lower than (w" — q)2 /2 = U, as long as
(W™ — q) w™ # (w™)?. (The case when (w™ — ¢) w™ = (w")? will be considered later.)

Taking into account that when non-users are offered an undistorted bundle, their

utility is
n o __ n\2 ™ l N 2 7N | (wn>2
ur = (w)+1_ﬂ{2(w q) SB:| 5
(w™)? T |1 2
= o 1% §(wN_q) ~Ugp| - (B6)

and substituting for U2y in (B6) the value provided by the right hand side of (B5), one
gets the maximum utility that can be enjoyed by non-users without resorting to distort
their labor supply:
n n\2 2
(w)? (@) = (w") (" = q)]

Ur = 5 +7 2(wN)2

6 Notice that, for sufficiently low values of UL, Yo might be negative; in that case the set of incentive-
compatible bundles on the virtual budget line (B1) is given by those bundles where Y > Yp.
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Suppose now that the socially optimal degree of redistribution from users to non-users is
sufficiently large, so that inequality (B5) does not hold. Offering non-users an undistorted
bundle along the virtual budget line (B1) would then violate the incentive-compatibility

constraint for users. This implies that non-users will either be offered the bundle (Y¢, Be)

where
1
Yo = (wN) (wN—q)—wN\/l_7r

Be = — B(wN—q)Z—UéVB}vaN{wN—q—\/ ! [(wN_Q)Q_ZUé‘VB}}

1—m 1—m

[(w¥ —q)* —2U%] (B7)

(B8)

and the labor supply of non-users is distorted downwards (7" (Yds) > 0), or the bundle
(Yp, Bp) where

Vo = () (" ) + ¥y [ g 20 (89)
e A R R e A )

(B10)

and the labor supply of non-users is distorted upwards (7" (YZ) < 0).

For later purposes, notice that from (B7), since Y cannot take negative values, U™

(v —a)"r

5 when non-users are offered the bundle (Y, Be). Notice

can never fall below
also that (B9)-(B10) represents a valid characterization of an incentive-compatible bundle
offered to non-users as long as UY > — (v — q)2 /2. The reason is that in deriving (B9)-
(B10) we have assumed that the labor supply of users was left undistorted; this implies
that, since their consumption must be non-negative, UY > — (wN — q)2 /2. This does
not mean that it is not possible to push the utility of users below — (wN — q)2 /2 in an
incentive-compatible way; it only means that to do that it is necessary to distort upwards
their labor supply, which in turn would imply a different characterization than (B9)-(B10)

for the incentive-compatible bundle offered to non-users.?”

*TNotice instead that a similar caveat does not apply to (B7)-(B8). The reason is that the consumption

of users is strictly non-negative (and in particular equal to (w® — q)2 (14 m)/2 ) at the bundle where
their labor supply is left undistorted and they are on the indifference curve associated with the utility

level (w — q)2 /2.
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Evaluating the utility of non-users at the bundle characterized by (B7)-(B8), we have:

Un(Yc,Bc) = 1iﬂ_|:%(wN_q)2_ éVB}
#0) (07 =) ="y [ =~ 20

whereas the utility of non-users at the bundle characterized by (B9)-(B10) is

1—m |2

) (0 )+

1 1 N N N 1 N 9 N ’
_§(w”)2{(w )(w —q)~|—w \/ [(w —q) —2USB]} )

U™ (Yp, Bp) = — F(wN—q)Q—UéVB}

[(wN — q)* — 2U2%]

1—m

(B12)

Before comparing the utility of non-users at (Yo, Be) and (Yp, Bp), notice that a ne-
cessary condition for (Y, Be) to be part of the second-best utility possibility frontier is

that % < 0 (and similarly, a necessary condition for (Yp, Bp) to be part of the
SB

second-best utility possibility frontier is that % <0).
SB

Consider first 0U™ (Y¢, Be) /OULYg. This is given by:

oy =

oun (YC, Bc) (wn)2 1
OU3 (wn)” [ ] 2= (1)
1—m
Thus, we have that % < 0 when
SB
n\2 N N
(wN)2 — 7 (w")® + (W) —w¥ (@ —g) < 0. (B14)

[<wN—q>2—2USNB] 1/2

1—-m

Condition (B14) is never satisfied for (w™)*—w™ (wY —q) > 0. For (w")*—wN (wh —q) <

0, instead, (B14) holds for

(¥ = )" (1=m) @) [ (" —q) — (@")’]"

Uiy > =
’ 2 2 [(wV)? - 7 (wr)?]

where the right hand side of (B15) defines a lower bound for U2 along the second-best
utility possibility frontier.
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Substituting for U5 into (B11) the value provided by the right hand side of (B15)
allows deriving an upper bound for Ugy, and therefore V", when (w")2 < wV (wN — q).
After tedious calculations one gets:*8
W (" ) u — (Y]

2 2 [(wM)* =7 (w)’]
Notice that the right hand side of (B15) is larger than (w” — q)27r/ 2 (i.e. the value
of UY, that pushes to zero Yg in (B7)). In particular, the right hand side of (B15) is

N 2 _ 1g | (@Vog)uN-@)? : N
_ q) — S | e | which represents the value of Ugjp

that implies Yo = q% (where Y¢ is defined by (B7) and q% represents

the threshold value for Y separating the bundles where M RSY, > MRSE,, i.e. those
bundles where Y < L]M from the bundles where M RSY,; < MRS% 5, i.e. those

(@) ~(wn)?”
N

2
[
USB_

(B16)

larger than % (w

(w")*w
(wN)?—(wn)?

the labor supply of non-users to the point where Y&, = 0.

Consider now OU™ (Yp, Bp) /OULYg. This is given by:

bundles where Y > ¢ ). This shows that it can never be optimal to discourage

n N2 wN — <wN)2(—wN_q)
oU" (Yp,Bp) (w™) oy 1
—— =T+ 5 — 3 (B17)
IUgp (w™) [(waq)QﬂUéVB} 2f1—m
1—m
Thus, we have that % < 0 when
SB
n\2 _ N N _
(wN)2 — 7 (w")? - () —w" (@' —q) <0. (B18)

[<wN—q>2—2UéVB} 1/2
1—m

Condition (B18) is never satisfied for (w™)”—w™ (w™ —¢) <0. For (w™)? —w™ (wh —q) >
0, instead, (B18) holds for values of UL that satisfy (B15).

Notice that the right hand side of (B15) is larger or equal than — (w" — q)2 /2 (i.e.
the value of Ul that implies BY = (wN — q) q, and therefore ¢V = 0, when the labor
supply of users is left undistorted and (B9)-(B10) represents a valid characterization of
an incentive-compatible bundle offered to non-users) when the following condition holds:

(wN)2 - (w”)2 wN [(w”)2 —wN (wN — q)}
1—m B V2 (W —q)

58Details of the calculations are available upon request.

91t is however worth noticing that this does not imply that, by redistributing from users to non-users,
a max-min planner will never equalize the utility for the two groups. In fact, if w’¥ — ¢ > w™, so that
UN. > Uy, a max-min planner will redistribute from users to non-users. In this case, if w™ is sufficiently
close to w — ¢ and 7 is sufficiently large, it is straightforward to show that U &g, as defined by (B16), is
larger than the right hand side of (B15), which implies that, by distorting downwards the labor supply of
non-users, it is possible to reverse the utility ranking prevailing under laissez-faire. In turn, this implies
that, when w™ is sufficiently close to w™ — ¢ and 7 is sufficiently large, a max-min planner will equalize
the utility of the two groups.

(B19)
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Noticing that the left hand side of (B19) is increasing in 7, one can conclude that for 7
sufficiently large one can never enter a region of the second-best utility possibility frontier
where the labor supply of both users and non-users is distorted upwards (with redistri-
bution from users to non-users).®’ Let’s now compare U" (Y¢, Be) and U™ (Yp, Bp) as

given by (B11)-(B12). Simple algebra can be used to show that
U™ (Ye, Be) > (<) U™ (Yp, Bp) <= (v — q) w™ > (<) (w™)?, (B20)
or, equivalently, since (w™ — ¢) w" = Y% and (w")? = Y},
U™ (Ye, Bo) > (<) U™ (Yp, Bp) <= Y% < (>) Y%

The result stated in (B20), coupled with the results that we have obtained above analyzing
%&:%) and %@ff’), show that, when (w" — ¢) w" > (w™)? and (B5) is violated,
a second-best optimum will necessarily entail an upward distortion on the labor supply
of non-users (7" (Ygy) < 0); regarding the labor supply of users, this will either be left
undistorted or, if 7 is sufficiently small and V" sufficiently large, also non-users will face
an upward distortion on their labor supply (7" (YSN;B) < 0). If the second-best optimum
is such that both 7" (YS]YB) and 7" (Yly) are negative, the average tax rate on users is
100% and their consumption is pushed to its lower bound, i.e. zero.

When instead (w™ —¢q) w" > (w™)? and (B5) is violated, a second-best optimum
will entail a downward distortion on the labor supply of non-users (7" (Yg5) > 0) and
no-distortion on the labor supply of users (1" (Y};) = 0).

Finally, let’s consider the case when (w" — ¢) w" = (w")* so that Y{% = Y. In this
case the right hand side of inequality (B5) simplifies to (wN — q)2 /2, which is the utility
achieved by users under laissez-faire. This shows that, when (w")* = (w™) (W™ —q),
it is never possible to redistribute from users to non-users without distorting the labor
supply of the latter. In order not to violate the incentive-compatibility constraint for
users, non-users can either be offered the distorted bundle characterized by (B7)-(BS8) or
the distorted bundle characterized by (B9)-(B10). With (w")® = (w") (w™ — ¢), non-

users are indifferent between the two bundles. However, for (w")® = (w™) (W™ —q),

n n ’LUN 2
we have (see (B13) and (B17)) that 2ZUe.Be) — UZ00.Bp) _ |7y () } — >0,

UG gy (wn)?

60Tn particular, the relevant threshold level for 7 is given by
W [ (0¥ - q) — (@)’ + (") (¥ — q) V2

T2 2 2 ’
¥ [N (@ - ) - (@)’] + (@) (@ —q) V2
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which implies that the laissez-faire equilibrium is second-best optimal when the desired

direction of redistribution is from users to non-users.

Appendix C
Proof of the result that, with ¢ (h) = Xrq1+ (WLN)S %, it might be that Y/}, > Y/,

while Y%, < YZ,;: Let’s first consider the labor supply choice of a user under laissez-faire:

Np _ B L
max w h —qh 3(h) 2h.

The associated first order condition is given by:

w™ —q — g3 (h)? —h=0,

which implies

—1+\/1+4(wN—q1)q3
2q3

N
h’LF_ Y

and therefore:%!

-1+ \/1+4(wN —ql)qng
2q3 '

Given that the income earned by non-users under laissez-faire is given by (w”)z, it follows

that:

N _
YLF_

—1+\/1+4(wN—q1)q3wN

e > (W), ()

Y > Y =

or, equivalently:

(W —q) W™ — (w")? > (w™)* %

Assume that the socially desirable direction of redistribution is from non-users to users,
so that V' = Uy < Ulp = (w")? /2. Following a procedure similar to that used in
the proof of Proposition 1 (see Appendix A), we have that, when incentive-compatibility
considerations require to offer users a distorted bundle, users will either be offered the
bundle (A7)-(A8), entailing a downward distortion on their labor supply, or the bundle
(A9)-(A10), entailing an upward distortion on their labor supply. Evaluating the utility

61The equation w™ — q1 — g3 (h)* — h = 0 has one solution for & > 0 and one solution for & < 0. The
latter can be safely neglected.
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of users at each of these two bundles we have:

and

g
2)—'

m /2 [y 2U§B}}

™

(L) {<wn>2 a2 [y~ 20 } (©3)

Therefore, we have that UY (Y4, B4) > U (Yp, Bg) when the following condition holds:

g

2‘ .
N———
—

gﬁ

+

S
Q

or, equivalently:




and therefore:

(W g lw" + \/% ((wr)* - ZUSB)} 3
6wN\/% ((wn)* —2U%,) | - [w” - \/i ((wm)* = QUQB)} 3

W (W —q1) - (w")? <

(C4)
Finally, since we have:6?
w" + \/ % (wn)? —2um,)| — [w” - \/ % ((wn)* - 2U%;)
= o2 (20 3+ 2 (- 20g)],
we can restate (C4) as
w (W —q) = (w")? < (w")* j—i’v {1 + %ﬁ ((w™)? - 2Ug3)] . (Cy)

When Y. > Y/ and UY (Y4, Ba) > U" (Y, Bg) it will follow that a second-best
optimum entails a downward distortion on the labor supply of users and therefore Y% <
Y&s. Thus, what we need to ascertain is whether it is possible that Y/, > Y% while

UN (Ya,Ba) > UN (Yp, Bp). Putting together (C1) and (C5), the required condition is:

ma 43 N N n\2 ma 43 1 1
(w™) W<w (w —ql)—(w) < (w™) N 1+3_7r(wn)2

((wn)2 - 2U§LB)
Appendix D

Proof of the result that, with ¢ (h) = ¢ (h) = wLqu + (wLN)l/2 2¢2, it might be that

Y. > Y/ while Y&, < YZ;: Consider a user whose earned income under laissez-faire

is slightly higher than the income earned by a non-user (which is equal to (w")?). In

particular, assume that Y/Y. = (w" + 6)2, where € > 0. Since the first order condition for

an optimal labor supply (h) for users is
w — g1 — h = gh ™2, (D1)

and since h = Y. /w, we have that

N\3/2
N N w2 (@) g
('LU —ql)w —(w +€> —wn—ﬂ,
62We are applying the formula (a+b)° — (a—b)° = (b* +3a?)2b with a = w™ and b =

\/ L ((wn)’ - 20).
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or, equivalently:

(W™ —q) w™ — (w")? = m + 2w + €2 (D2)

wh + €
Notice that the first order condition (D1) has at most two solutions for Y > 0. To
capture a local maximum maximum rather than a minimum, it must be the case that,

at h = (w" + €)” /w" the slope of the left hand side of (D1) is lower than the slope of its
the right hand side, namely that

—3/2
1 "pe)?
oL (M) |

2 whN

or, equivalently:
9\ 2/3
wh < (w" + €)? <—> : (D3)

a2
Assuming that (D3) is satisfied, it also follows that the right hand side of (D2) defines a

value that is larger than (w™ )3/ 2 ga/w".5 From (D3) it also follows that

(x) e
O —4— +2uw"e+é 3/2
Oe (wm 4+ 6)2 ’
so that (D2) can be rewritten as
N\ 3/2
w
(wN — ql) wh — (w”)2 = u + 9, (D4)

wn
where 6 > 0 and 6 — 0 for ¢ — 0. Assume that the socially desirable direction of
redistribution is from non-users to users, so that V"' = Uy < U, = (w™)? /2. Following
a procedure similar to that used in the proof of Proposition 1 (see Appendix A), we
have that, when incentive-compatibility considerations require to offer users a distorted
bundle, users will either be offered the bundle (A7)-(A8), entailing a downward distortion
on their labor supply, or the bundle (A9)-(A10), entailing an upward distortion on their

) (wN)3/ZQQ (wN)3/2qz 3/2 .
03We have that *——— 4 2w"e 4 € > *—7— when (W)™ g2 < (2w™ + €) (W™ + €) w™. Since
(D3) can be restated as (wN)3/2 g2 < 2(w" +€)*, and given that 2 (w" + €)® < (2u" + €) (W™ + €) w",

it follows that the right hand side of (D2) defines a value that is larger than (w® )3/ ? g2 /W™,
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labor supply. Evaluating the utility of users at each of these two bundles we have:

1+7 1—m

n n n 1 n
U~ (YA7 BA) = o (w )2 - Usp —w \/% [(w”)2 - 2USB]

- {<wn>2 _ w"\/ ~ [(wn)? 20z }
1 o o)

1/2
_z(wgﬁ ((w")2 - w”\/ % [(wm)* — 2U§B]) ,

and

Uty + w”\/ ~ J(wm)? — 20z]
o {<wn>2 ¥ wn\/  J(wm)? — 203) }
_% (wLN)? {(w”)2 + w”\/% [(w")? — 2Ug] }2

1/2
Lm ((w”)2 + w"\/% [(w")2 — 2Ug3]> .

—2
(w™)

Therefore, we have that UV (Y4, B4) > UY (Y5, Bg) when the following condition holds:

20 2 (00 = 2035] =2 [ 20

™ ™

) (wLN)Q (w™)? \/% [(wn)?* — 2U%,]

| [ =)

@) —[<w">2—w"¢% [(wnf—zUsB]Tﬂ |

<
1/2

2

or, equivalently:

L | b
P = 2035] | [un 2]

(wN)3/2

(wN —q) wN—(w")? <

™

Applying the binomial expansion (a4 b)"* — (a — b)"? = ba=Y/2 + b3a=5/2/8 4 ... with
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a=w"and b= \/ = ((w”)2 —2U%;), we can rewrite the condition above as follows:

(W™ —q) w™ — (W) <

N 3/2 L w2 o \]1Y2 1 ()2 — opn . \]1%/?
()" g - {[;«w) 2g,)] | [E ()~ 20)] +}

(wn)? [£ ((w)? — 2U%, (wr)/2 8 (wn)?

or, equivalently:

3/2
(" = q) w" — (w")? < —(“’Ni n/ = {1 + 8%—@”)(1;)3(]53 + } . (D3)
When Y%, > Y/ and UN (Y4, Ba) > U" (Yg, Bg) it follows that a second-best optimum
entails a downward distortion on the labor supply of users and therefore Y&y, < Y&.
Putting together (D4), which provides a condition such that Y%, is only slightly larger
than Y/, and (D5), we have that a sufficient condition to have Y/, > Y/ while Y% <
Yig is

()" ()"

1 (w")? - 208
w) % 14__(1”)—2[]53_1_'“
wn 8 (w”)

o < wN (W —q1) — (w")? <

Appendix E
Numerical example showing the possibility that a distortion arises even though
no self-selection constraint is binding at a second-best optimum: Set w" =
12.87, w™ = 10, ¢ = 5, ¢ = 0.25 and # = 1/5. Under laissez-faire we have that
Y. =100.13 and Y} = (w”)2 = 100, with U}, = 29.57 and U7, = 50. Assume that in
the Pareto efficient tax problem V' is set equal to 40.01. At a second-best optimum we
get that Y25 = 0, so that the labor supply of users is distorted downwards, Y5 = 100 (no
distortion on the labor supply of non-users), U%; = 40.01 and U} = 39.96.5* However,
since the utility for a non-user choosing the bundle intended for users would be equal
to 39.96, and the utility for a user choosing the bundle intended for non-users would be
equal to 19.58, it follows that no self-selection constraint is binding at the second-best
optimum. Nonetheless, observe that without a self-selection constraint requiring non-
users not to be tempted to mimic users, the latter could have been offered an undistorted

bundle (in our example, the bundle (Y, B) = (100.13, 140.09)).

Appendix F

64We also have BYy = 39.96 and B%, = 90.01. Notice also that the second-best optimum features
income re-ranking with respect to the laissez-faire equilibrium.

46



Proof of the result that (21) can be rewritten as (22): Rewrite (21) as

e e T e C

Multiplying both sides by w® / (w™)* gives

L1, .o —m] wV N 1, v 2wV 1w
— |z (") =V | — — — - — — :
Substituting for s the value provided by (20) gives:
11, o =] wV N 1, v 2 w¥  1(w)’

v

(@) +[(w —g)w™]"

(wn)?

(0N —q) wV + 1 [3 (") = V"] =3

wN —q

Multiplying both sides by w" — ¢ gives

11, 5 —m] 0" (W —q) N > 1 (wN —q)SwN 1 (w™)? (wh —q)
R i R  C
>
171 . _n- 1 (wn)4 + [(UJN _ q) wN]2 v v
PR I () e,
which can be rewritten as
L[ e ] @Y (@Y —q) = (@)’
s -7
2 (wN)2 (w")2 (wN — q) +2 (wN q) (w")2 w
- 2 (w)? wN
(@Y =) (V) + @) (@ = q) + @)V + (WY = g)* (w)’
2 (wn)? wV
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Collecting terms we can write

2[5 -7 o @ - 0) - ) 2
(w" —

> = (20" =) [-2 (0" —q) @ + (0¥ - ) (@) + )],

or, equivalently:

2

™

|

" - V”} [ (" = g) = (@] w > — (20"~ q) [w" ("~ q) — ()]
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